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The TT-SOFT Method

SOFT Propagation
U(x,tg+7) = /dx' (x|e‘iHT/h|x’) U(x', tp),

e—iHT/h _ e—iTT/Qhe—iV'r/he—iTT/Qh 4+ O(TS).

H=T+V,
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TT Format

Generic Tensor

T1 ) rd—1
A(ty,d9,...,0q) = Z Z .- Z Ay (i1, 0n)As(0, 9, ) - - - Ag(vg—1,14),
a1=1 as=1 aj_1=1
Wavepacket
l l l
w(l)(xla$2:'°'3$d;t) — Z d){)($laal;t)wg)(alax2:a2;t)”'w((i)(ad—laxd;t)

Kinetic Propagator
U(p) = e—ip-nl_l-p'r/th P = (p13p27 s 9pd)

U(plap‘}."“'apd) — Z Ul(plaal)Ul’(alapQ:aQ) "'Ud(ad—lapd)-

xp,00,...,04d 1
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Multidimensional Vibronic Model

V:Vd+1/ca
d d d
V, = (Z%Jrz Cij Ty xj) (1102 + |2)(1])
1 i=1 j5=1

Vi = (Ek—l—z 5 MW;T; +Za :EZ—I—ZZG,UJ: :EJ) k) K|

i=1 j5=1
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25-Dimensional S,/S, Wavepacket Components

v(x, t)\

U(x,t) =
PO(x,1))
/
7,0”(1)(:[: t \ . ’lf'f)’(l) ZU.,t)
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"3 (x, t) ) \w'@)(a t)
_iVr/h = (—iVT/h)"
€ - Z ) ‘
n=>0
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Tensor-Train Split-Operator Fourier Transform (TT-SOFT) Method: Multidimensional
Nonadiabatic Quantum Dynamics

Samuel M. Greene and Victor S. Batista
J. Chem. Theory Comput. 2017, 13, 4034-4042

Survival Amplitude
C(t —to) = (V(to)[W(t))

dot product of tensor trains A and B

ny N9 nd
Z Z cee Z A*(il,’iQ, c e ,id)B(ilaiQa I aid)'

i1=lig=1  ig=1
Photoabsorption Spectrum
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— 00
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Tensor-Train Split-Operator Fourier Transform (TT-SOFT) Method: Multidimensional
Nonadiabatic Quantum Dynamics

Samuel M. Greene and Victor S. Batista
J. Chem. Theory Comput. 2017, 13, 4034-4042
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Tensor-Train Split-Operator Fourier Transform (TT-SOFT) Method: Multidimensional
Nonadiabatic Quantum Dynamics

Samuel M. Greene and Victor S. Batista
J. Chem. Theory Comput. 2017, 13, 4034-4042

Photoabsorption Spectrum

Comparison TT-SOFT versus Experimental Spectra of Pyrazine
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Tensor-Train Split-Operator Fourier Transform (TT-SOFT) Method

DYNAMICS IN A NUCLEAR SPINS CHAIN

M- o M2, ) -
H="3 108 = > SJurtn [ vo8T Sgﬂsg}
n=0 n=0
0 E~
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E. Rufeil Fiori, H.M. Pastawski Chem. Phys. Lett. 420: 35-41
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Chebyshev Propagation

N

e g, =N 7(2 = 61,0) Ji(tn) (—0)F T (H) W,

k=0
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Chebyshev Propagation

function [cpol_tt] = cheb2 (PE_tt,KE_tt,G_tt,Dp,Dm,dx, nx,dp,np,Npoly, eps)
% Chebyshev polynomials applied to state G_tt
cpol_tt{l}=G_t¢t;
cpol_tt{2}=round(times (PE_tt,G_tt), eps);
FT_G_tt=round(times (KE_tt,tt_FT(G_tt,dx,nx,1)),eps);
cpol_tt{2} = round((cpol_tt{2}+tt_FT(FT_G_tt,dp,np,-1))*2/Dm-G_tt*Dp/Dm, eps) ;
for j=3:Npoly
cpol_tt{j}=round(2+xtimes (PE_tt,cpol_tt{j-1}),eps);
FT G _tt=round(2xtimes (KE_tt,tt_FT (cpol_ tt{j-1},dx,nx,1)),eps);
cpol_tt{j} = round((cpol_tt{j}+tt_FT(FT_G_tt,dp,np,-1))*2/Dm
—cpol_tt{j-1}*2+Dp/Dm, eps) ;
cpol_tt{j} = round(cpol_tt{j}-cpol_tt{j—-2},eps);
end
end

function [Gc_tt] = exp_cheb2 (cpol_tt,t,Npoly,eps)
% Chebyshev expansion of exp(—-IxH*xdt) applied to psi (x])
Gc_tt=besselj(0,t) xcpol_tt{l};
for k=2:Npoly

Gc_tt= round (Gc_tt+2+«besselj(k-1,t)rcpol_tt{k}*x(-1i) " (k-1),eps);
end
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A Time-Sliced Thawed Gaussian Propagation

Method for Simulations of Quantum Dynamics

TEZY

S =

Bl o (s I8
BN
bl

Xiangmeng Kong and Victor S. Batista
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Fast Gaussian Wavepacket Transform

k Fay

. Ax e i (-p’) .
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mn) — —1pr _ —(p—p;)2 /a2
bik(p) = —==9;(P)e™"™  g;(p) = e PP/
V2T
Qian, J.; Ying, L. Fast Gaussian Wavepacket Transforms and Gaussian Beams for the

Schrodinger Equation. J. Comp. Phys. (2010) 229: 7848-7873.

Kong, X.; Markmann, A.; Batista, V.S., A Time-Sliced Thawed Gaussian Propagation Method for
Simulations of Quantum Dynamics. J. Phys. Chem. A 120: 3260-3269(2016).
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Time Sliced Thawed Gaussian Propagation Method

Kong, X.; Markmann, A.; Batista, V.S., A Time-Sliced Thawed Gaussian Propagation Method for
Simulations of Quantum Dynamics. J. Phys. Chem. A 120: 3260-3269(2016).
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Time Sliced Thawed Gaussian Propagation Method

Kong, X.; Markmann, A.; Batista, V.S., A Time-Sliced Thawed Gaussian Propagation Method for
Simulations of Quantum Dynamics. J. Phys. Chem. A 120: 3260-3269(2016).
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Heller, E. J. Time-Dependent Approach to Semiclassical Dynamics. J. Chem. Phys. (1975) 62: 1544—1555.

Thawed Gaussian Propagation

Solving time-dependent Schrddinger equation with numerically exact methods
requires computational effort that scales exponentially with dimensionality of the
system. This problem can be avoided by employing a representation of the wave
functions in non-orthogonal narrow Gaussians

U(x,t=0)= chc;j(x)

G(xj) = e(x—5) A (x—x;)+p; (X—X;)+7;]
that validate the local harmonic approximation.

1
AE V:Vo(xj)+V1-(x—xj)+§(x—xj)-V2-(x—xj)

With the local harmonic approximation, time-dependent Schrédinger equation for

a basis Gaussian 5
0(’()(
ih Z ka ()

k=1

can be solved by comparing terms of the same orders

o -1
Xj = p;-m

pj:_vl
Aj=—2A;, m'A; - Vy/2

. : - 1 _
4 = itr[A; - m 1]+§pj-rn 1-pj—Vo 18




Gaussian Beam Thawed Gaussian Propagation
Hermite Gaussian Basis

N Ax 2 (z— .rk)2+zpk(.r —x) )+2Sk
Gix(T) = — T
V21 Qx
: Pk
LT = —,
m
pk- — _V,("Ik-):
- | Pi
Sk = piy — (V(i’k) + )—m)
. P
Qk — 11—,
m

Pk = V" (TA)QA

Hagedorn, G. A.: Raising and lowering operators for semiclassical wave packets. Ann. Phys. 269: 77-104
(1998)] and [Faou, E.,Gradinaru, V.; Lubich, C: Computing Semiclassical Quantum Dynamics with

Hagedorn Wavepackets. SIAM J. Sci. Comput. 31: 3027-3041 (2009)]:
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Time Sliced Thawed Gaussian Propagation Method

Kong, X.; Markmann, A.; Batista, V.S., A Time-Sliced Thawed Gaussian Propagation Method for
Simulations of Quantum Dynamics. J. Phys. Chem. A 120: 3260-3269(2016).

Lagrangian propagation

N
: Z @ G
ik 5/ kf

i S 2w\ (v +7)
vrPjr 7P (Tik)
(SJ, —a(ra)- I"")( (~:;+::) k))
X e
= cin [ D & (1) by ()
j,k j."k/

=D cjrw (7) by (2),

I kl
TEuIerian propagation

lekf chkc]lkl ’
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Time Sliced Thawed Gaussian Propagation Method

n-dimensional implementation

Kong, X.; Markmann, A.; Batista, V.S., A Time-Sliced Thawed Gaussian Propagation Method for
Simulations of Quantum Dynamics. J. Phys. Chem. A 120: 3260-3269(2016).
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Time Sliced Thawed Gaussian Propagation Method

n-dimensional implementation

Kong, X.; Markmann, A.; Batista, V.S., A Time-Sliced Thawed Gaussian Propagation Method for
Simulations of Quantum Dynamics. J. Phys. Chem. A 120: 3260-3269(2016).

Cik = /dil?l e dfl:n (H

d=1

_(Il_Ikl‘---eIn_Ikn)

1| (z1—201,..ssTn—Ton)

=N, /d:cl <« drpexp

6/9/18
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Time Sliced Thawed Gaussian Propagation Method

n-dimensional implementation

Kong, X.; Markmann, A.; Batista, V.S., A Time-Sliced Thawed Gaussian Propagation Method for
Simulations of Quantum Dynamics. J. Phys. Chem. A 120: 3260-3269(2016).

1 — I01

—(x1—T01,---,Tn—Ton)Aj

\ Z
Cik = Nc‘/d:tl coodx, e
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Time Sliced Thawed Gaussian Propagation Method
n-dimensional propagation

Kong, X.; Markmann, A.; Batista, V.S., A Time-Sliced Thawed Gaussian Propagation Method for
Simulations of Quantum Dynamics. J. Phys. Chem. A 120: 3260-3269(2016).

Bire(x) = el06) AGe—6)+p; (x—xk) 7]

( ? 0 \ Xp =D m~ ',
A. — S . b I)z — —V;‘.
o2 . 1
\ U 1) A=-2Am'A - -V},
9 ;
.= | P; iy e ooy Pi ) s . — 1 —
p-z (pl-lﬁpl-Z? » P n) ) = 'Z.T'T‘[Anl 1] _|_ §pinl lpi — ‘/k
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Benchmark Calculations: Comparison with SOFT

6/9/18
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IC(t)l

Benchmark Calculations: Comparison with SOFT

1.2
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C(t) = / dxU* (—z, 0)(z, t)
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A New Bosonization Technique
The Single Boson Representation

Kenneth Jung, Xin Chen and Victor S. Batista
Department of Chemistry, Yale University

Kenneth Jung Xin Chen
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Holstein-Primakoff Representation

Spin-Boson Hamiltonian

200 . .
- = [653 +JS, + 8, % f(y)] + Hy(y, p,).

— A 29 — N St = \/95—\(1
Sx:%{ﬁhué—}:g[\/z ~ Na+afy/25 - N\ hS — N)

a,a"] =1 —>[S,.,5,] = ihS. ) = hRS(S+1)[x4)

7 +ip=2a .f;—iﬁ:ﬂ&T

H = Hyy,p,) + (e + [(y)(28 = (& + * = 1)) + Ji/AS = (@ + 2 — 1

[T. Holstein and H. Primakoff Phys. Rev. 58, 1098-1113 (1940)]
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Schwinger-Bosonization
Schwinger-Jordan Transform

ol >

s
_+_
|
=t
-
—t
)

s
|
|
)
g ?
_!_
o

v Llar a1 Pl atn
Sz—§[k ,S]—a(bb—aa).

A L/ A h /- .
I_:g(k T+ S ):‘—Zz(b(}—{—fsz)
. 1 /- A h /- -
Sy =5 (87 =57) = - (bla—a')

[P. Jordan, Z. Phys. 94, 531 (1935)]

[J. Schwinger, in Quantum Theory of Angular Momentum, edited by L. C. Biedenharn
and H. V. Dam Academic, New York (1965)]
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Schwinger-Jordan Representation
Jordan-Schwinger Transform

a,a'] =1 > [S,,5,] = ihS,
Constraint:
A o | B
S22y, ) = h2S(S+1)|yy) — S= 5(b*b +a'a)

[P. Jordan, Z. Phys. 94, 531 (1935)]

[J. Schwinger, in Quantum Theory of Angular Momentum, edited by L. C. Biedenharn
and H. V. Dam Academic, New York (1965)]
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Schwinger-Jordan Representation

Spin-Boson Hamiltonian

i

H = [e8. + IS, + 8. x f(y)| + Hily, py).

~

H=(c+ f(y)) (iﬁ?} - a.fa.) +J (z’}‘fa + a.’f?}) + Hy(y. p,).

H = Hy(y,py) + (e + f(y)) (@, +po, — 1) — (72, + 7, — 1)] + T (@080 + PrPrs)

b, = 5 B, =] [EpPd =0k | a=bs  b=b,
: Lo Lo -
byjzﬁ[a:yﬁrzpyj] S = (@, +5, =)+ (@, + 5, — 1)

[P. Jordan, Z. Phys. 94, 531 (1935); J. Schwinger, in Quantum Theory of Angular
Momentum, edited by L. C. Biedenharn and H. V. Dam Academic, New York (1965)]
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Schwinger-Jordan Representation

N-Level Hamiltonian

T
Ji |

H = ZZ jklJ) (K

1=1 k=1

N
. ",‘T'f‘
—E E ng,aja.k,
j=1 k=1

N N

-~

2

[H.-D. Meyer and W. H. Miller J. Chem. Phys. (1979) 70, 3214; M. Thoss and G. Stock Phys.
Rev. Lett. 78, 578 (1997); V.S. Batista and W. H. Miller J. Chem. Phys. 108, 498 (1998)]
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Harmonic Basis Set

5.2 mw
P; 15 oo
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o1 . Lot g
huw (n;, + 5) Pj = ﬂ[b] — bj]
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| 0 :( ) exp(——ux?),
5 (&5 = iD;) (T + 1P;), > mh P 2h )
1
| U . v+1) = a'lv).
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L, 5, —
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Matrix Representation of Boson Operators

00 0 0 0 0 0 0 00
10 000 0 0 0 00 </.L’(Z;’V>:\/m5u,y+1
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Single Boson Representation of P, = |j><k| Operators
6-level System: Single Boson Representation

S hv/2S — Na s 1 15
o Prg = [1)(6] = =T
F:(5—N)d:5&—fﬂ&2 B
/0000010000\
(05 0 0 0 0,0 0 0 0
O 0 0 O O01]0(1/O O O O
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00 0 3/30 0.0 0 0 0 00 000(0j0 0 00
00 0 0“4 0.0 0 0 0 0O 0 00 O0O00 000
00 0 0 0 V5 0 0 0 0 b 000 O00O0UO0Olo0oo0O0OTO 0O
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6o o 0 00,0 0 0 0 0000 O0|ovWo 0 0 0
00 0 0 0 0 0 —/7 0 0 ~ t A
0000 Pn.m — J;—la]tpn—l,m
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Single Boson Representation of P, = |j><k| Operators

6-level System: Single Boson Representation

6/9/18
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Single Boson Representation of P, = |j><k| Operators
6-level System: Single Boson Representation

~

Recurrence Relation: Py =——ad"Py_1m

vn—1
A | 1 -
5 = [ fp—
SETIVZ TRV S
_ ! (5a —a'a*)* — Lt (5a — a'a*)°
514! V5 515!
. . 2 | . 4
P y=T? — Pyg—— — Pyy5—,
STV TR VAT R
a2 1 1 | .4
— (K __TZS . .T2 rl_‘[Z;) _A]LPr_
(5a — a'a”) Vel \/ﬁ(a ) 5!\/5(0(1 a'a”) 710 15

Pis =T12/(20V2) — P1s/V10 — P353V3/(5V2) — P,.43V/3/5,
Pio=T/5—P55/V5— 4}54,5/5 — 3\/5153,4/5 — 4\6}52,3/53
Piy=1—-N/5—4P55/5—3P33/5 —2Py4/5— P55/5.
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N-level System: Single Boson Representation

H = ZHJAIM” (1)

71,k=1

N-level System: Jordan-Schwinger Representation

H = Z Hjp.alay,

7,k=1

Yale University - Chemistry Department
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Two-level Systems: Single Boson Representation

Pl,l =1-— aTa.,
]52,1 —al — (aT)Za
2
H=YS" HP,
k=1

Yale University - Chemistry Department
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Two-level Systems: Single Boson Representation

H = H (1= N)+ Hi5((1 — N)a+al(1 — N)) + HpN(2 — N).

H: 7(3—532—]32)
H 1 1
+ —122 (4,% — 7’ = 5}325:“ -~ 2:}3;32)
H 5
- % (3(5{:2 +p?) — =(3* 4+ p*)* — 5)
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H(x, p=0)

-6
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'
(=]

(3]

Single Boson DVR Hamiltonian

T T
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|
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|

"wave.0002" u IT‘
"wave 0002" u 1/3

"wave 0003" u 13

"wave.0003" u }:4
x|
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Single Boson DVR Hamiltonian

Hyy g, oy Hio oy o He fo o 5 1 4
(T (3— J) +ﬁ(4lj_ J) +7 3.’.1.-3- —5—5.1] ()JJ-'
3 1 His 22, o 5\ AzAp n.,,
SH2 — SHu — — (xj + ;) — — (25 + 23) | —
(2 2 \/§ 4 2mh —1
H 29 A."I,TA[) n.,, i( ) 4
JilT =25 )P
1 2rh ;" P

A:r — (xma.a: — LEmzn)/nw Ly = (.7 _ nil?/Q)Aﬂ?
Ap = 27 [(Tmaz — Tmin) pr = Ap(k —ny/2)

O(a;t) = e 74 (a;0).
D(x;0) = co(0)(x]0) + c1(0)(x|1)
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Single Boson DVR Hamiltonian

P (X)], Re[%(x)] P(t)
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Single Boson Representation of Pauli Matrices

A -~ ~

6.,=(1—N)—N(2—-N)
11 1
=T 2(2* +p°) + Z(iQ +p°)?
6, =(1—N)a+al(1—N)

1
— — (8% — 27° — p*7 — Ip?
\/g( p p’)

6, =—i(l— N)a+ia'(1— N)

i ey o »
— (—i6p + P — ap® +i(px* + *p) + 2’Lp3)

(6p + ip*z — izp® — (pi° + &°p) — 2p°) ,
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Single Boson Representation of Pauli Matrices

10F
sigma_y o’i
.

E

-10%

:
-20%/
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Single Boson Representation of Pauli Matrices

1 .
6t = 5 (6, +i6,) = (1 — N)a
= i (52 — &° — p°%) + L (3p — p° — pz°)
V8 V8 Y |
1 ey af »-
o = 5(01—1(7:;) =a'(l — N)

. r o, ~ .
— ﬁ (3::1? — 7 — fp‘z) - /3 (_31) - - 1“2) '
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Single Boson Representation of Pauli Matrices

T | 20
10} 10%
Re[sigma +] Im[sigma +] f
g ot 0%
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-10% 7
-10} _20} 7
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