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Real-Time Quantum Dynamic Methods
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Probing Vibrational Spectra of Aqueous Electrochemical RXNs
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» Aqueous Zn”", Na*, and Mg*" ion batteries for
large-scale energy storage.
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Feynman’s Path Integrals

* (Quantum mechanics 1s hard (exponential scaling) ih% = A¥(r, t)
t

* Need better, more suitable methods for many particle systems in condensed
phases where all other quantum mechanical effects are washed out.

v' Feynman looked for ideas to connect QM to such classical ideas as the 1918-1988
Lagrangian (L), or Hamilton’s principle function, action (S), the indefinite

integral of L.
The transformation functions in (8) and (9) are very fun-

damental things in the quantum theory and it is satisfactory REVIEWS OF
to find that they have their classical analogues, expressible
simply in terms of the Lagrangian. We have here the na- M - ' P _
tural extension of the well-known result that the phase of ODERN HYSICS
the wave function corresponds to Hamilton’s principle fune- Vorume 20, Numpes 2 AriL, 1948
tion in classical theory. The analogy (9) suggests that we
ought to consider the classical Lagrangian, not as a function
of the coordinates and velocities, but rather as a function
of the coordinates at time # and the coordinates at time ¢ dif.

Space-Time Approach to Non-Relativistic
Quantum Mechanics

R. P. FEYNMAN

For simplicity in the further discussion in this section Cornell University, Ithaca, New Vork
we shall take the case of a single degree of freedom, although o o
2 3 Non-relativistic quantum mechanics is formulated here in a different way. It is, however,
t‘he argu ment a‘pplles also to the general case, \\ s Sh a]l use rqalhemaLical[y.equivalen: to the.z familiar l'on{lulation. In quantum mechanics the probability
X of an event which can happen in several different ways is the absolute square of a sum of
t ] 1€ n Ot atIOH ;:Dmp}ex gontributiens, one from each alternative way. The probability that a particle will be
t ou m
» of is
1902-1984 exp [ f L atjn)] = 4 ¢1), » Feynman changed the analogy »
y to 1dentity! e



Feynman’s Path Integrals: Sum Over All Possible Paths

Feynman’s path integral states that to calculate the overall probability amplitude of a non-
relativistic spin-less QM particle, we must consider, in addition to the classical path, all

possible paths. - |
position (xple=FMxg) = ) eislxOUn
| all paths

Xp |- _ tp . .

b where S[xg, Xp, tp —ta] = [ L(x, %, 6)dt with L =T —V

/ a
classical action functional along the path
y Write the infinite sum over all paths in a less restrictive way as integrals:
al--
th

t, \j@% ;b > time K(xg, xp, ty, —t,) = Jt Dx(t) plSlxaxpl/h

P = |K|?dx  probability

Feynman & Hibbs (1965). Quantum Mechanics and Path Integrals. @ Momeni Research Group



Feynman’s “Discretized” Path Integrals

* In practice, we solve this numerically
on a space-time grid by dividing each
finite path mmto N equally spaced
discrete linear time slices, solved
numerically using the trapezoid rule.

K = lim J J Dx1Dx, ...Dxy_q eSxFaXxp)l/n

N—o0

 The oscillatory phase (sign) problem:
action changes quadratically with path

variables (position) and leads to highly
oscillatory amplitudes.
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Morita J. Phys. Soc. Jap. 35, 980 (1973).



Feynman’s “Discretized” Imaginary-Time Path Integrals

Bh
K (Xgq, Xp, u) = j Dax(u) e~SxW)/h
0

 Using Wick rotation, represent Pls in
Euclidean (imaginary) time (t — —iu with
0 <u<pPh), resulting in real decaying

exponentials that we know how to handle Rfe

numerically. t ‘\
 This 1s why we refer to Feynman Pls as — Im0

Feynman imaginary-time Pls. ~iph

. . / = D D e_S[CI(T)p(T)]/h
e Using phase space variables, the jg q(t) Dp(7)

partition function 1s q(t) and p(t) are closed phase space paths
. . in imaginary time, i.e., q(0) = q(Sh)
* For a given Euclidean path, the

imaginary-time action functional

Bh
for a particle of mass m and S[(g(w),p(w)] = J du [ip(u)c’l(u) +%c’12(u) + V[q(u)]]
potential V' is 0

Feynman & Hibbs (1965). Quantum Mechanics and Path Integrals. @ Mamen Besearet Graur



Fourier Path Integrals

* In the Fourier path integral method, the imaginary time path is expanded in a Fourier sine series:

Cco

q€)=q+(q —q)&+ ) apsin(km)  whereé = T <
/ k=1 \{

path starting and end points Fourier amplitudes

* Hundreds of Fourier terms needed even for simulations with heavy atoms.

Doll and Freeman JCP 80, 2239 (1984). Freeman and Doll JCP 80, 5709 (1984). Doll et al. Phys.
Rev. Lett. 55, 1 (1985). Vorontsov-Velyaminov et al. Phys. Rev. E 55, 1979 (1997).
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Bead-Fourier (BF-) PIMD and BF-RPMD

* The bead-Fourier (BF) method combines bead and Fourier approaches to imaginary time PIs into
one method. Here, each time slice 1s expanded in a Fourier sine series:

Kmax
xi (&) =x; + (xjp1 —x) E+ z a;r Sin(kms)
k=1
kmax
+ BF partion funcion: 7 = | n x| | da |e-rortnmo | Tand o estottend
k=1
n Kmax ) kKmax 2 1
Hpp(xi, ag) = Z Zzg;n"' 229;;;{ +%wn2 (Xiy1 — x)* + (k;r) lk +i fo ds V]x;i($)]
=1 k=1 k=1

* The two limiting cases easily recovered for pure bead (k,;,4, = 0) and pure Fourier (n = 1) methods.

* Similar to B-RPMD, in BF-RPMD, we use physical mass and no thermostatting.

Phys. Rev. E 55, 1979 (1997). Phys. Rev. E 67, 066710 (2003) @ Momeni Research Group




* We extended BF-PIs to real-time methods through CMD.

Cas© = oz f dqcdp, e~FAor-cuplaci) ifg, (0) Blqc (1]
_ p2 0F (qc) v (q)
Hgp_ =—+F(Q.) ~ -
BF-CMD = 5~ c g, a4,

dc

* We use both continuous (left) and bead (right) estimators for calculating the centroid PMF:

oF a0 __[2( ?=1f01d€V[xl-<f>])> (en e
- dq. __< aq. . 5F(qc)_ ( i=1 (xl))

¢ ~ dq. dq.
dc

Cao and Voth JCP 100, 5093 (1994). Aoment Research Grous
London and Momeni arXiv:2505.13707 [physics.chem-ph].
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Curvature Problem of CMD for Quantum Vibrational Spectra
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JCP 155, 231101 (2021); JCP 157, 181102 (2022). Momeni Research Group



Curvature Problem of CMD for Quantum Vibrational Spectra

* We developed the hybrid CMD (h-CMD) method

for treating the “curvature problem” of CMD.

H,0@MOF hybrid Centroid MD (h-CMD)

1
|
PA-CMD = 1
1 !
1 1
! 1
1 1
] Ll !
1

1 1
h-CMD == 1
1
I
1
1
L I
[

IR Intensity (arbitrary units)

1
1
1
1
1
1
1
Expt. =1 !
[
1
1
[

|

1 i
2000 2200 2400 2600 2800
o (cm“)

fast Quasi-Centroid MD (f-QCMD)

fast Centroid MD (f-CMD)

3000

IR spectra of salt-in-water and water-in-salt Li-TFSI solutions

Dil Limbu

Classical = |

YYYYYY

PN, ' N
T I‘I N T T T |I N .Y N T
h-CMD Ve Vi
L EEEE
T T T T T J o |‘ ' !
Expt. -.' -: . .

3000 3200 3400 3600 3800 4000 3000 3200 3400 3600 3800 4000 3000 3200 3400 3600 3800 4000 3000 3200 3400 3600 3800 4000
w (em') w (em) w (cm) w (em')

h-CMD suffers where spectral features of
interest become part of the large
molecule/framework treated with f~-CMD.

Limbu et al. JCP 162, 014111 (2025).
London et al. J. Phys. Chem. A 129, 4015 (2025).
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