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Excited state physics in hot materials/matter

X-ray spectra in 
Hohlraum experiments 

Particle radiation stopping power

Kononov and Schleife, Phys. Rev. B., 102, 165401 (2020)

https://lasers.llnl.gov/news/rugby-hohlraum-kicks-up-nif-energy-efficiency

Radiation flow and opacities 

https://physics.aps.org/articles/v12/65
LA-UR-18-21688
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Foundation for this work – density functional theory (DFT)
Schrödinger Equation
Linear PDE describing many-electron state, fully interacting 
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Foundation for this work – density functional theory (DFT)
Schrödinger Equation
Linear PDE describing many-electron state, fully interacting 
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Foundation for this work – density functional theory (DFT)
Schrödinger Equation
Linear PDE describing many-electron state, fully interacting 
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Foundation for this work – density functional theory (DFT)
Schrödinger Equation
Linear PDE describing many-electron state, fully interacting 
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Nonlinear set of equations to solve for single particle states in mean field

Density Functional Theory (DFT) – Define an auxiliary system that shares the same ground state energy and density  
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Electromagnetic-Mechanical 
Compression (z-pinch)
(Z-Machine @ Sandia)

Inertial Confinement Fusion
(NIF @ LLNL)

White Dwarf Atmospheres

Finite temperature DFT

Can we utilize DFT to study states of matter at extreme temperatures and densities? 

Mermin, Phys. Rev., 137, 5A (1965) LA-UR-18-21688



106/12/24

Electromagnetic-Mechanical 
Compression (z-pinch)
(Z-Machine @ Sandia)

Inertial Confinement Fusion
(NIF @ LLNL)

White Dwarf Atmospheres

Finite temperature DFT

Can we utilize DFT to study states of matter at extreme temperatures and densities? 

Yes! We can use the Mermin extension of DFT

Mermin, Phys. Rev., 137, 5A (1965) LA-UR-18-21688
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Finite number of 
state are occupiedT = 0K
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Finite number of 
state are occupied

All states are 
partially occupiedT = 0K T > 0K
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Finite number of 
state are occupied

All states are 
partially occupiedT = 0K T > 0K
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dDFT scales ~O(T3)

Need to compute and orthogonalize many more 
eigenvalue/vectors of KS Hamiltonian
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How can we overcome cubic temperature scaling in dDFT?
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If we want to compute an observable associated with an operator in the single-particle DFT 
formalism, we can use either the KS Wavefunctions or the Density Matrix. 

Fabien at al., WIREs Comp. Mol. Sci. (2019) LA-UR-18-21688
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How can we overcome cubic temperature scaling in dDFT?
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If we want to compute an observable associated with an operator in the single-particle DFT 
formalism, we can use either the KS Wavefunctions or the Density Matrix. 

If we are okay with predicting the observables to within some finite degree of accuracy, we 
can approximate the trace – Stochastic Resolution of a Matrix Trace 
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How can we overcome cubic temperature scaling in dDFT?
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formalism, we can use either the KS Wavefunctions or the Density Matrix. 

If we are okay with predicting the observables to within some finite degree of accuracy, we 
can approximate the trace – Stochastic Resolution of a Matrix Trace 
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Finally, we can recast the trace over a density matrix times an observable by:
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How can we overcome cubic temperature scaling in dDFT?
Finally, we can recast the trace over a density matrix times an observable by:
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How can we overcome cubic temperature scaling in dDFT?
Finally, we can recast the trace over a density matrix times an observable by:
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We need to compute a matrix vector multiplication without computing the actual matrix
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How can we overcome cubic temperature scaling in dDFT?
Finally, we can recast the trace over a density matrix times an observable by:
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This can be approximate through a Chebyshev expansion with cost ~O(T-1)
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T = 0.026 eV

Inverse temperature scaling for Chebyshev expansion
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T = 0.026 eV

T = 0.100 eV

Inverse temperature scaling for Chebyshev expansion
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T = 0.026 eV

T = 0.100 eV

T = 1.000 eV

Inverse temperature scaling for Chebyshev expansion
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T = 0.026 eV

T = 0.100 eV

T = 1.000 eV

T = 5.000 eV

Inverse temperature scaling for Chebyshev expansion
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T = 0.026 eV

T = 0.100 eV

T = 1.000 eV

T = 5.000 eV

T = 10.000 eV

Inverse temperature scaling for Chebyshev expansion
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T = 0.026 eV

T = 0.100 eV

T = 1.000 eV

T = 5.000 eV

T = 10.000 eV

T = 30.000 eV

Inverse temperature scaling for Chebyshev expansion
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SCF Scheme
1. Guess Density 
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1. Guess Density 

2. Compute Hamiltonian
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1. Guess Density 

2. Compute Hamiltonian

3. Deterministic calculation of electron density – scales as ~O(n3) ~ T3 
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1. Guess Density 

2. Compute Hamiltonian

3. Deterministic calculation of electron density – scales as ~O(n3) ~ T3 

4. Compute the energy as a functional of the density 
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1. Guess Density 

2. Compute Hamiltonian

3. Deterministic calculation of electron density – scales as ~O(n3) ~ T3 

4. Compute the energy as a functional of the density 

5. Is the energy converged to a minimum?
• If yes, STOP…You’re Done!
• If no, feed density back into Hamiltonian, repeat
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1. Guess Density 

2. Compute Hamiltonian

3. Stochastic calculation of electron density – scales as ~O(Nc) and ~T-1 

4. Compute the energy as a functional of the density 

5. Is the energy converged to a minimum?
• If yes, STOP…You’re Done!
• If no, feed density back into Hamiltonian, repeat
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~11,600 K

Are intermediate temperatures 
doomed to higher cost?...No!

~O(T-1)

~O(T3)

Efficiency of sDFT with temperature 

LA-UR-18-21688
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Can we mix dDFT with sDFT? Yes, and we get mixed DFT (mDFT) 
<latexit sha1_base64="AAwgz/wKKIlb7olPdotdSJqZO8o="></latexit>

 ⇢ {�, X̃}

Partially occupied deterministic Thermally filtered stochastic

White and Collins Phys. Rev. Lett., 125, 055002 (2020) LA-UR-18-21688
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Can we mix dDFT with sDFT? Yes, and we get mixed DFT (mDFT) 
<latexit sha1_base64="AAwgz/wKKIlb7olPdotdSJqZO8o="></latexit>

 ⇢ {�, X̃}

Partially occupied deterministic Thermally filtered stochastic

How do we assure that the d and s vectors cover different energy spaces?
Project random vectors out of deterministic subspace

<latexit sha1_base64="UfU6BwNPTQQQ+ZNAscCVDmi7HZI="></latexit>
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N�X

n
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White and Collins Phys. Rev. Lett., 125, 055002 (2020) LA-UR-18-21688
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Can we mix dDFT with sDFT? Yes, and we get mixed DFT (mDFT) 
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 ⇢ {�, X̃}

Partially occupied deterministic Thermally filtered stochastic

How do we assure that the d and s vectors cover different energy spaces?
Project random vectors out of deterministic subspace
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�̃b = �b �
N�X

n
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Thermally filter by applying square root of density matrix to unfiltered out-projected random vectors
(Chebyshev expansion)

<latexit sha1_base64="UhigdU2rhZ2A2Hp++ON8XwN9P7A="></latexit>

X̃b =
q
⇢̂(Ĥ, T, µ)�̃b

White and Collins Phys. Rev. Lett., 125, 055002 (2020) LA-UR-18-21688
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Can we mix dDFT with sDFT? Yes, and we get mixed DFT (mDFT) 

White and Collins Phys. Rev. Lett., 125, 055002 (2020) LA-UR-18-21688
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A step towards excited states – electron exchange 

Kinetic Energy 
Operator

External potential
 (Coulomb potentials 

from nucleus)

Hartree-Potential
 Classical potential between  single 

electron charge distributions

APPROXIMATED! 
Exchange-Correlation 

Functional
all the quantum effects 

<latexit sha1_base64="dbwRqZzpH3WM67hIR9oU6zkxlMQ="></latexit>
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2

Z
dr0

⇢(r0)

|r� r0| + vxc[⇢(r)]

!

Kohn and Sham, Phys. Rev., 140, A1133 (1965) LA-UR-18-21688
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A step towards excited states – electron exchange 

Kinetic Energy 
Operator

External potential
 (Coulomb potentials 

from nucleus)

Hartree-Potential
 Classical potential between  single 

electron charge distributions

APPROXIMATED! 
Exchange-Correlation 

Functional
all the quantum effects 
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X: Electron Exchange 
Anti-symmetry of Fermions

C: Coulomb Correlation
Complex and Dynamic Coulomb Interactions

-

Kohn and Sham, Phys. Rev., 140, A1133 (1965) LA-UR-18-21688
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A step towards excited states – electron exchange 

Kinetic Energy 
Operator

External potential
 (Coulomb potentials 

from nucleus)

Hartree-Potential
 Classical potential between  single 

electron charge distributions

APPROXIMATED! 
Exchange-Correlation 

Functional
all the quantum effects 
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vxc[⇢(r)] = vx[⇢(r)] + vc[⇢(r)]

ee
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X: Electron Exchange 
Anti-symmetry of Fermions

C: Coulomb Correlation
Complex and Dynamic Coulomb Interactions
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Kohn and Sham, Phys. Rev., 140, A1133 (1965) LA-UR-18-21688
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Compressing the exchange operator 

<latexit sha1_base64="JlA8jGbN8mPyQNqqvprfskeXl7Q="></latexit>

EX [⇢(r)] ! (1� ↵)EX [⇢(r)] + ↵EF
x
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VX [⇢(r)] ! (1� ↵)VX [⇢(r)] + ↵V F
x

Hybrid exchange – replace a fraction of exchange density functional with Fock exchange energy

Perdew et al., J. Chem. Phys., 105, 22 (1996)
Adamo et al., J. Chem. Phys., 110, 13 (1999)
Heyd et al., J. Chem. Phys., 118, 18 (2003) LA-UR-18-21688
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Compressing the exchange operator 
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b(r)�b(r0)

|r� r0|
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V F
x (r, r0) =

X

b

�⇤
b(r)�b(r0)

|r� r0|

Hybrid exchange – replace a fraction of exchange density functional with Fock exchange energy

Exact exchange operator is a functional of single-particle eigen-states à computationally demanding 

Perdew et al., J. Chem. Phys., 105, 22 (1996)
Adamo et al., J. Chem. Phys., 110, 13 (1999)
Heyd et al., J. Chem. Phys., 118, 18 (2003) LA-UR-18-21688
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Compressing the exchange operator 

<latexit sha1_base64="JlA8jGbN8mPyQNqqvprfskeXl7Q="></latexit>

EX [⇢(r)] ! (1� ↵)EX [⇢(r)] + ↵EF
x

<latexit sha1_base64="G2URFNSu7KGiJQaRWMZ1rI1h8Ko="></latexit>
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Hybrid exchange – replace a fraction of exchange density functional with Fock exchange energy

Exact exchange operator is a functional of single-particle eigen-states à computationally demanding 

In planewave codes, we compute the action of the exchange operator on a single particle eigenstate

Perdew et al., J. Chem. Phys., 105, 22 (1996)
Adamo et al., J. Chem. Phys., 110, 13 (1999)
Heyd et al., J. Chem. Phys., 118, 18 (2003) LA-UR-18-21688
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Compressing the exchange operator 
<latexit sha1_base64="br9CbX2Jy6l308/VGl8Npk4UQGc="></latexit>

V F
x (r, r0) =

X

b

�⇤
b(r)�b(r0)

|r� r0|

<latexit sha1_base64="q2vycsmQ1rQ9d+a3Ze+pRrxlHso="></latexit>
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• Computing the exchange potential acting on the eigenstates is expensive 

Lin., J. Chem. Theo. Comp., 12, 2242 (2018) LA-UR-18-21688
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Compressing the exchange operator 

≈   ∑Vx w1

w2

<latexit sha1_base64="br9CbX2Jy6l308/VGl8Npk4UQGc="></latexit>
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• Computing the exchange potential acting on the eigenstates is expensive 

• Can we compress and low-rank approximate exchange operator that is suitable for mDFT?
<latexit sha1_base64="VFMNTFkOTFJvVSOh0p1gGyFDzKc="></latexit>
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Lin., J. Chem. Theo. Comp., 12, 2242 (2018) LA-UR-18-21688
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Compressing the mixed exchange operator  

<latexit sha1_base64="AAwgz/wKKIlb7olPdotdSJqZO8o="></latexit>

 ⇢ {�, X̃}
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 0 ⇢ {�0, �̃0}

Set of mixed deterministic and filtered stochastic vectors for the density matrix

Auxiliary set of deterministic and unfiltered stochastic vectors for exchange 

LA-UR-18-21688



466/12/24

Compressing the mixed exchange operator 
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• Compute exchange operator on auxiliary vector set, which will act as our compression vectors 

Set of mixed deterministic and filtered stochastic vectors for the density matrix

Auxiliary set of deterministic and unfiltered stochastic vectors for exchange 

LA-UR-18-21688
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Compressing the mixed exchange operator 
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• Compute exchange operator on auxiliary vector set, which will act as our compression vectors 
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• We develop the following compression scheme, which includes projection on deterministic 
and stochastic subspaces 

Set of mixed deterministic and filtered stochastic vectors for the density matrix

Auxiliary set of deterministic and unfiltered stochastic vectors for exchange 

LA-UR-18-21688
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Double loop SCF scheme for compressed mixed electron exchange

Start Here 

SCF step

Converge Density?
Yes                         No

Compute Vx compression

Exchange Energy?
No                        Yes

Outer Exchange Loop

Inner SCF Loop
Done

LA-UR-18-21688
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Performance of compressed + mixed exchange operator 

~O(T3)

~O(T-1)

LA-UR-18-21688
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Performance of compressed + mixed exchange operator 

LA-UR-18-21688
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What degree of compression is achievable 

<latexit sha1_base64="AAwgz/wKKIlb7olPdotdSJqZO8o="></latexit>
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 0 ⇢ {�0, �̃0}

System of 32 Ne atoms
• Molecular dynamics snapshot
• Fix orbitals to converge density matrix
• Reduce number of compression orbitals

640 128

Nd’ Ns’

LA-UR-18-21688
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What degree of compression is achievable 
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LA-UR-18-21688

System of 32 Ne atoms
• Molecular dynamics snapshot
• Fix orbitals to converge density matrix
• Reduce number of compression orbitals
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Density of states of hot Ne and Carbon gas

GGA
PBE0

GGA
HSE06

Ne - ⍴ = 1.5 g/cc Carbon - ⍴ = 3.7 g/cc
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AC conductivity in hot + dense Neon gas (32 atoms in a cell)

T = 5 eV, ⍴ = 3.5 g/cc

T = 10 eV, ⍴ = 3.5 g/cc

T = 20 eV, ⍴ = 3.5 g/cc
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AC conductivity in hot + dense Neon gas (32 atoms in a cell)

T = 5 eV, ⍴ = 3.5 g/cc

T = 10 eV, ⍴ = 3.5 g/cc

T = 20 eV, ⍴ = 3.5 g/cc
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• Atomic geometry courtesy of MD calculation by Vidushi Sharma at CNLS

~14% reduction in DC 
electrical conductivity 
with hybrid exchange 
(HSE06)

Significant shift in 1s to 
conduction (K-edge) x-ray 
response 

AC conductivity in hot + Beryllium gas (128 atoms in a cell)
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Part 1: Stochastic/deterministic electron exchange at extreme temperatures 

The influence of hybrid exact exchange on electronic structure and conductivity are sustained to 
high temperature – larger influence on core states

Can be applied towards
• Parameterizing AC conductivity for radiation flow simulations
• Exchange pressure corrections for equation of state (EOS)

• Corrected core ionization temperatures 
• Higher-throughput electronic structure calculations at extreme temperature

What’s Next?
• Mixed deterministic/stochastic correlation à Green’s Functions

• TD-DFT with mDFT + hybrid exact exchange

Other Current LANL Projects
EOS of Aluminum with mDFT + extended planewave method

Density matrix purification for Dirac Hamiltonians on GPUs/tensor cores

<latexit sha1_base64="VFMNTFkOTFJvVSOh0p1gGyFDzKc="></latexit>
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Questions?

Towards efficient excited state calculations at 
extreme conditions with mixed deterministic-

stochastic hybrid exchange
Joshua A. Leveillee

Center for Nonlinear Studies Postdoctoral Fellow
T-1 / CNLS

Wednesday June 12th, 2024
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Supplemental Slides – DOS and conductivity in mDFT 
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Density of states 

Kubo-Greenwood


