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1D Exciton

−𝜏 −𝜏 −𝜏

Ƹ𝑐𝑛
† = 𝑛 ⟨𝐺|

𝐻1D = 𝜖0

𝑛

Ƹ𝑐𝑛
† Ƹ𝑐𝑛 − 𝜏

𝑛

( Ƹ𝑐𝑛+1
† Ƹ𝑐𝑛 + Ƹ𝑐𝑛

† Ƹ𝑐𝑛+1)

𝐻1D 𝑘 = 𝜖0 − 2𝜏 cos 𝑘 𝑘

𝑘 =
1

𝑁


𝑛

𝑒𝑖𝑘𝑛 |𝑛⟩ Ƹ𝑐𝑘 =
1

𝑁


𝑛

𝑒𝑖𝑘𝑛 Ƹ𝑐𝑛

𝐻1D =

𝑘

𝜖0 − 2𝜏 cos 𝑘 Ƹ𝑐𝑘
† Ƹ𝑐𝑘 =

𝑘

𝜖𝑘 Ƹ𝑐𝑘
† Ƹ𝑐𝑘

A set of two level systems with nearest 

neighbor coupling.

𝑛 = 1 2 3 4



|𝑘⟩
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1D Exciton (Group Velocity)

Ƹ𝑐𝑛
† = 𝑛 ⟨𝐺|

𝐻1D = 𝜖0

𝑛

Ƹ𝑐𝑛
† Ƹ𝑐𝑛 − 𝜏

𝑛

( Ƹ𝑐𝑛+1
† Ƹ𝑐𝑛 + Ƹ𝑐𝑛

† Ƹ𝑐𝑛+1) Eigenfunctions are delocalized in site space. 

Localized in reciprocal space. 

𝐻1D 𝑘 = 𝜖0 − 2𝜏 cos 𝑘 𝑘

𝑘 =
1

𝑁


𝑛

𝑒𝑖𝑘𝑛 |𝑛⟩ Ƹ𝑐𝑘 =
1

𝑁


𝑛

𝑒𝑖𝑘𝑛 Ƹ𝑐𝑛

𝐻1D =

𝑘

𝜖0 − 2𝜏 cos 𝑘 Ƹ𝑐𝑘
† Ƹ𝑐𝑘 =

𝑘

𝜖𝑘 Ƹ𝑐𝑘
† Ƹ𝑐𝑘

𝑛
𝑘

𝑛 (Sites)

𝑅𝑒[ 𝑛 𝑘 ]

𝑣𝑝 = 𝜖𝑘/𝑘

𝐼𝑚[ 𝑛 𝑘 ]

𝑛
Ψ

Ψ = ( 𝑘 + |𝑘 + 𝛿𝑘⟩)/√2

𝑅𝑒[ 𝑛 Ψ ]

𝐼𝑚[ 𝑛 Ψ ]

𝑣𝑔 = 𝑑𝜖𝑘/𝑑𝑘

E
n
er

g
y

𝑘

𝑛
Ψ

2

𝑛 (Sites)

𝑛
k

2

Ψ = ( 𝑘 + |𝑘 + 𝛿𝑘⟩)/√2

−𝜏 −𝜏 −𝜏
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Ballistic (Coherent) Transport

Ƹ𝑐𝑛
† = 𝑛 ⟨𝐺|

𝐻1D = 𝜖0

𝑛

Ƹ𝑐𝑛
† Ƹ𝑐𝑛 − 𝜏

𝑛

( Ƹ𝑐𝑛+1
† Ƹ𝑐𝑛 + Ƹ𝑐𝑛

† Ƹ𝑐𝑛+1)

𝐻1D 𝑘 = 𝜖0 − 2𝜏 cos 𝑘 𝑘

𝑘 =
1

𝑁


𝑛

𝑒𝑖𝑘𝑛 |𝑛⟩ Ƹ𝑐𝑘 =
1

𝑁


𝑛

𝑒𝑖𝑘𝑛 Ƹ𝑐𝑛

𝐻1D =

𝑘

𝜖0 − 2𝜏 cos 𝑘 Ƹ𝑐𝑘
† Ƹ𝑐𝑘 =

𝑘

𝜖𝑘 Ƹ𝑐𝑘
† Ƹ𝑐𝑘

E
n
er

g
y

𝑘

𝑛
Ψ

2

𝑛 (Sites)

Ψ = ( 𝑘 + |𝑘 + 𝛿𝑘⟩)/√2

−𝜏 −𝜏 −𝜏

𝑋
−
𝑋
0

𝑋
−
𝑋
0

2

𝑇𝑖𝑚𝑒 𝑇𝑖𝑚𝑒

Ballistic (Coherent) Motion
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1D Exciton + Phonon 

𝐻1D = 𝜖0

𝑛

Ƹ𝑐𝑛
† Ƹ𝑐𝑛 − 𝜏

𝑛

Ƹ𝑐𝑛+1
† Ƹ𝑐𝑛 + Ƹ𝑐𝑛

† Ƹ𝑐𝑛+1

𝑄𝑛

Ƹ𝑐𝑛
†

+ 𝛾

𝑛

𝑄𝑛 Ƹ𝑐𝑛
† Ƹ𝑐𝑛 +

1

2


𝑛

(𝑃𝑛
2 + 𝜔𝑝

2𝑄𝑛
2)

𝐻𝑒𝑙 = 𝐻1D −

𝑛

𝑃𝑛
2

2

Electronic Hamiltonian

𝐻𝑒𝑙 𝜖𝑘(𝑸) = 𝜖𝑘(𝑸)|𝜖𝑘(𝑸)⟩

Phonon fluctuation leads to energetic disorder

which leads to localization of eigenstates

−𝜏 −𝜏 −𝜏

This disorder is dynamic, i.e. time-dependent

|𝑘⟩

𝑛
𝜖 𝑘
(𝑄
)

𝑛 (Sites)

𝑛
𝜖 0
(𝑄
)

𝑛 (Sites)

𝛾 𝛾

𝛾 𝛾
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Exciton Diffusion (Ehrenfest Method)

𝐻1D = 𝜖0

𝑛

Ƹ𝑐𝑛
† Ƹ𝑐𝑛 − 𝜏

𝑛

Ƹ𝑐𝑛+1
† Ƹ𝑐𝑛 + Ƹ𝑐𝑛

† Ƹ𝑐𝑛+1

𝑄𝑛

Ƹ𝑐𝑛
†

+ 𝛾

𝑛

𝑄𝑛 Ƹ𝑐𝑛
† Ƹ𝑐𝑛 +

1

2


𝑛

(𝑃𝑛
2 + 𝜔𝑝

2𝑄𝑛
2)

𝐻𝑒𝑙 = 𝐻1D −

𝑛

𝑃𝑛
2

2

Electronic Hamiltonian

𝐻𝑒𝑙 𝜖𝑘(𝑸) = 𝜖𝑘(𝑸)|𝜖𝑘(𝑸)⟩

Phonon fluctuation leads to energetic disorder

which leads to localization of eigenstates

−𝜏 −𝜏 −𝜏

This disorder is dynamic, i.e. time-dependent

M
S
D

Dynamic disorder leads to exciton diffusion

Single Trajectory

Average



Exciton Transport outside cavity →

Diffusive Transport 
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Exciton-Polariton Transport  

Xu
†
, Mandal

†
, …, Milan, Reichman (arXiv: 2205.01176) 2022Also see: 

Pandya et. Al. Adv. Sci. 9, 2105569 (2022)
Balasubrahmaniyam et. al. Nat. Matter (2023)
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Light-Matter Hamiltonian

𝐻LM = 𝜖0

𝑛

Ƹ𝑐𝑛
† Ƹ𝑐𝑛 − 𝜏

𝑛

Ƹ𝑐𝑛+1
† Ƹ𝑐𝑛 + Ƹ𝑐𝑛

† Ƹ𝑐𝑛+1 + 𝛾

𝑛

𝑄𝑛 Ƹ𝑐𝑛
† Ƹ𝑐𝑛 +

1

2


𝑛

𝑃𝑛
2 + 𝜔𝑝

2𝑄𝑛
2

+

𝐤

ො𝑎𝐤
† ො𝑎𝐤𝜔𝐤 + 𝑔𝑐

𝑛,𝐤

Ƹ𝑐𝑛
† ො𝑎𝐤𝑒

𝑖𝑘𝑥.𝐑𝐧 + ො𝑎𝐤
† Ƹ𝑐𝑛𝑒

−𝑖𝑘𝑥.𝐑𝐧 sin(𝑘𝑦 . 𝐑𝐧)

Photon Modes

𝑥

𝑦

Cavity operators do not couple to phonons. Photon

frequency is off-resonant to phonon frequency.

Polaritons, which are partially excitonic, have

effectively smaller coupling to phonons.
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Polariton States at various Detuning

1E-3

5E-4

0

Higher Exciton character → Higher Phonon Coupling → Higher Localization 

𝜖0
𝜖1

𝜖400

x

Xu
†
, Mandal

†
, Milan, Reichman (arXiv: 2205.01176) 2022
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Group Velocity

onbranch1.svg onbranch1.svg
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Simulation

A

A

At low exciton character (at large 

detuning) the exciton-polariton 

wavepacket propagates ballistically.

The wavefront velocity matches 

the expected group velocity. 
x

Xu
†
, Mandal

†
, Milan, Reichman (arXiv: 2205.01176) 2022

Also see: Berghuis et. Al. ACS photonics 9 (7), 2263-2272

Sokolovskii et. Al. arXiv:2209.07309
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Group Velocity vs Exciton Character

onbranch1.svg onbranch1.svg
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n
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Simulation

A

A

B
C

B
C

A B C

The wavefront velocity matches the 

expected group velocity for exciton 

character < 15%. 

x

Xu
†
, Mandal

†
, Milan, Reichman (arXiv: 2205.01176) 2022
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Group Velocity

onbranch1.svg
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Simulation
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Xu
†
, Mandal

†
, Milan, Reichman (arXiv: 2205.01176) 2022
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Velocity Renormalization

onbranch1.svg

E
n
e
rg
y

dE/dk

Simulation

At exciton character 25-40% → Phonons 

renormalizes polariton group velocity

Phonon induced transient localization 

leads to reduced velocity

x

Xu
†
, Mandal

†
, Milan, Reichman (arXiv: 2205.01176) 2022
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Group Velocity

onbranch1.svg

E
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dE/dk

Simulation

with  
phonons

We can confirm the renormalization by 

comparing with a case without phonons.
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0 2000 4000 6000
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Xu
†
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, Milan, Reichman (arXiv: 2205.01176) 2022
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Experiment & Theory: Group Velocity

We experimentally observe 

the same phenomena.

i
ii

iii
iv

v
vi

Exp.

Sim.

Xu
†
, Mandal

†
, Milan, Reichman (arXiv: 2205.01176) 2022
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Non-Markovian Master Equation

Mandal, Reichman (in prep) 2023

Markovian Redfield requires kernel that scales as N4 : Hard to 

do for N>100

Aim: Simulate a matter system with ~104 sites and 102 cavity modes (~10000 states)

Non-Markovian Redfield requires kernel that scales as N5 : As 

we need to store memory

ሶ𝜌𝑘,𝑘+𝛿𝑘 𝑡 = න
0

𝑡

𝑑𝜏𝐾𝑘,𝑘+𝛿𝑘,𝑝,𝑝+𝛿𝑘(𝑡 − 𝜏)𝜌𝑝,𝑝+𝛿𝑘, 𝑡

decoupled diagonals of density matrix in the 

reciprocal space – parallelized simulation

Prony decomposition of memory kernel + Coarse 

Graining Density Matrix.

Momentum Conservation makes 𝐾 a 3-

dimensional tensor instead of 4-dimentional  𝐾𝑘,𝑘′,𝑝,𝑝′ = 𝐾𝑘,𝑘′,𝑝,𝑝+(𝑘′−𝑘)

𝑁5

𝑁4

𝑁3

𝑁2
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Polariton Transport

Mandal, Reichman (in prep) 2023

E – Ex  (eV)

v
 (

a
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.)

% Excitonic Character

v
/v
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vwf/vb
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Time (ps)
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III

IV

I

II

III

IV

S
it
e

s
 (

L
)

Time (ps)

Time Time

Without 
Phonon

With 

Phonon

Higher purity == 

Coherent.

We perform 

Non-Markovian 

Master Equation 

simulation with 

25000 states!
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Light-Matter Hamiltonian

𝐻LM = 𝜖0

𝑛

Ƹ𝑐𝑛
† Ƹ𝑐𝑛 − 𝜏

𝑛

Ƹ𝑐𝑛+1
† Ƹ𝑐𝑛 + Ƹ𝑐𝑛

† Ƹ𝑐𝑛+1

+

𝐤

ො𝑎𝐤
† ො𝑎𝐤𝜔𝐤 + 𝑔𝑐

𝑛,𝐤

Ƹ𝑐𝑛
† ො𝑎𝐤𝑒

𝑖𝑘∥.𝐑𝐧 + ො𝑎𝐤
† Ƹ𝑐𝑛𝑒

−𝑖𝑘∥.𝐑𝐧 sin(𝑘⊥. 𝐑𝐧)

𝐻LM = σ𝑘 Ƹ𝑐𝑘
† Ƹ𝑐𝑘 𝜖𝑘 + ො𝑎𝑘

† ො𝑎𝑘𝜔𝑘 − 𝑔 ො𝑎𝑘
† Ƹ𝑐𝑘 + Ƹ𝑐𝑘

† ො𝑎𝑘 = σ𝐻𝑘

k

E
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N+1 Model

𝐻LM = σ𝑘 Ƹ𝑐𝑘
† Ƹ𝑐𝑘 𝜖𝑘 + ො𝑎𝑘

† ො𝑎𝑘𝜔𝑘 − 𝑔 ො𝑎𝑘
† Ƹ𝑐𝑘 + Ƹ𝑐𝑘

† ො𝑎𝑘 = σ𝐻𝑘

� Ω1 Ω3 0 0 0

Ω1 � 0 0 0 0

Ω3 0 � 0 0 0

0 0 0 � Ω2 Ω4

0 0 0 Ω2 � 0

0 0 0 Ω4 0 �

Single Layer
Multi-Layer

ly

Ly

Multi-Layer

ly

Ly

ly

Ly

Filled Cavity(a) (c) (d)(b)

(e) (g) (h)
(f)� Ω1 Ω2 Ω3 Ω4 Ω5

Ω1 � 0 0 0 0

Ω2 0 � 0 0 0

Ω3 0 0 � 0 0

Ω4 0 0 0 � 0

Ω5 0 0 0 0 �

� Ω1 0 0 0 0

Ω1 � 0 0 0 0

0 0 � Ω2 0 0

0 0 Ω2 � 0 0

0 0 0 0 � Ω3

0 0 0 0 Ω3 �

c1

c2

c3

c4

c5

c1

c2

c3

c1

c3

c2

c4

� Ω1 Ω2 Ω3 Ω4 Ω5

Ω1 � 0 0 0 0

Ω2 0 � 0 0 0

Ω3 0 0 � 0 0

Ω4 0 0 0 � 0

Ω5 0 0 0 0 �

c1

c2

c3

c4

c5

Expectation: Exciton-Polariton Band Structure is obtained by a (N+1)x(N+1) 

Matrix. 

N = number of cavity mode branches. 
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Problem with N+1 Hamiltonian

N+1 Hamiltonian

2N Hamiltonian

We have a simple microscopic 

understanding of  this phenomena

(cannot be used)

Theory

� Ω1 Ω3 0 0 0

Ω1 � 0 0 0 0

Ω3 0 � 0 0 0

0 0 0 � Ω2 Ω4

0 0 0 Ω2 � 0

0 0 0 Ω4 0 �

Single Layer
Multi-Layer

ly

Ly

Multi-Layer

ly

Ly

ly

Ly

Filled Cavity(a) (c) (d)(b)

(e) (g) (h)
(f)� Ω1 Ω2 Ω3 Ω4 Ω5

Ω1 � 0 0 0 0

Ω2 0 � 0 0 0

Ω3 0 0 � 0 0

Ω4 0 0 0 � 0

Ω5 0 0 0 0 �

� Ω1 0 0 0 0

Ω1 � 0 0 0 0

0 0 � Ω2 0 0

0 0 Ω2 � 0 0

0 0 0 0 � Ω3

0 0 0 0 Ω3 �

c1

c2

c3

c4

c5

c1

c2

c3

c1

c3

c2

c4

� Ω1 Ω2 Ω3 Ω4 Ω5

Ω1 � 0 0 0 0

Ω2 0 � 0 0 0

Ω3 0 0 � 0 0

Ω4 0 0 0 � 0

Ω5 0 0 0 0 �

c1

c2

c3

c4

c5

(N+1)x(N+1) model do not reproduce exciton polariton dispersion 

2N x 2N model reproduce exciton polariton dispersion 

� Ω1 Ω3 0 0 0

Ω1 � 0 0 0 0

Ω3 0 � 0 0 0

0 0 0 � Ω2 Ω4

0 0 0 Ω2 � 0

0 0 0 Ω4 0 �

Single Layer
Multi-Layer

ly

Ly

Multi-Layer

ly

Ly

ly

Ly

Filled Cavity(a) (c) (d)(b)

(e) (g) (h)
(f)� Ω1 Ω2 Ω3 Ω4 Ω5

Ω1 � 0 0 0 0

Ω2 0 � 0 0 0

Ω3 0 0 � 0 0

Ω4 0 0 0 � 0

Ω5 0 0 0 0 �

� Ω1 0 0 0 0

Ω1 � 0 0 0 0

0 0 � Ω2 0 0

0 0 Ω2 � 0 0

0 0 0 0 � Ω3

0 0 0 0 Ω3 �

c1

c2

c3

c4

c5

c1

c2

c3

c1

c3

c2

c4

� Ω1 Ω2 Ω3 Ω4 Ω5

Ω1 � 0 0 0 0

Ω2 0 � 0 0 0

Ω3 0 0 � 0 0

Ω4 0 0 0 � 0

Ω5 0 0 0 0 �

c1

c2

c3

c4

c5
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Multilayer GTC Hamiltonian

𝐻LM =

𝑘

Ƹ𝑐𝑘𝑥,𝑚
† Ƹ𝑐𝑘𝑥,𝑚 𝜖𝑘 + ො𝑎𝑘𝑥𝑘𝑦

† ො𝑎𝑘𝑥𝑘𝑦𝜔𝒌 + 𝑔 ො𝑎𝑘𝑥𝑘𝑦
† Ƹ𝑐𝑘𝑥,𝑚 + Ƹ𝑐𝑘𝑥,𝑚

† ො𝑎𝑘𝑥𝑘𝑦 sin 𝑘𝑦𝑌𝑚

Mandal Xu Mahajan Lee Delor Reichman Nano Lett. 2023

=

𝑘

𝐻𝑘𝑥

ො𝑎𝑘𝑥,1
⋮

ො𝑎𝑘𝑥,𝑚

Ƹ𝑐𝑘𝑥,1
† … Ƹ𝑐𝑘𝑥,𝑚

† sin 𝑘𝑦1𝑌1 … sin 𝑘𝑦𝑁𝑌1,
⋮ ⋱ ⋮

sin 𝑘𝑦1𝑌𝑚 … sin 𝑘𝑦𝑁𝑌1,
𝑄 × 𝑅 m = 1

m = 2

m = 3
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New Excitonic Operators

𝐻LM =

𝑘

Ƹ𝑐𝑘𝑥,𝑚
† Ƹ𝑐𝑘𝑥,𝑚 𝜖𝑘 + ො𝑎𝑘𝑥𝑘𝑦

† ො𝑎𝑘𝑥𝑘𝑦𝜔𝒌 + 𝑔 ො𝑎𝑘𝑥𝑘𝑦
† Ƹ𝑐𝑘𝑥,𝑚 + Ƹ𝑐𝑘𝑥,𝑚

† ො𝑎𝑘𝑥𝑘𝑦 sin 𝑘𝑦𝑌𝑚

Mandal Xu Mahajan Lee Delor Reichman Nano Lett. 2023

=

𝑘

𝐻𝑘𝑥

ො𝑎𝑘𝑥,1
⋮

ො𝑎𝑘𝑥,𝑚

Ƹ𝑐𝑘𝑥,1
† … Ƹ𝑐𝑘𝑥,𝑚

† sin 𝑘𝑦1𝑌1 … sin 𝑘𝑦𝑁𝑌1,
⋮ ⋱ ⋮

sin 𝑘𝑦1𝑌𝑚 … sin 𝑘𝑦𝑁𝑌1,
𝑄 × 𝑅

Ƹ𝑐𝑘𝑥,𝜅1
† … Ƹ𝑐𝑘𝑥,𝜅𝑁𝑒

†

For filled cavities Ƹ𝑐𝑘𝑥,𝑘𝑦
†

operator only couple to ො𝑎𝑘𝑥𝑘𝑦
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Simple Matrix Models
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Comparing to Experiment
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(N+Ne)⨉(N+Ne) Approximate (N+Ne)⨉(N+Ne) 1.0 0.8 0.6 0.4 0.2 0.0

Reflectance (arb. unit)

The theoretical models 

predicts the experiment  
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𝑣 g

E

Expected

Observed

• We simulated exciton-polariton transport with Semi-classical 

approach. 

• We find ballistic (Coherent) motion when exciton character is low. 

(< 40%)

• We find phonons can rescale group velocity through a transient 

localization mechanism. 

• Coherence is long-lived (~ ps) for low exciton character. 

Conclusion

• For extended materials: 2N Hamiltonian (N = number of cavity 

mode branch) should be used. 

• For arbitrary setup : N+Ne Hamiltonian (N = number of cavity 

mode branch, Ne < N) should be used. 
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