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• vibronic absorption spectrum

• dipole moment operator

• shifted oscillator model
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VIBRONIC ABSORPTION SPECTRA

• multi-mode & anharmonic case
• condensed phase: system-environment coupling

V. BuloviC et a l . /  Chemical Physics 210 (1996) 1-12 3 

troscopic grade DMSO solvent used in these experi- 
ments was therefore dried prior to use. To check for 
residual hydrolysis in the most dilute solutions, a 
small amount of  water (3 drops of HEO to 2 mL of 
DMSO) was added to a sample of  the 2 ~M solu- 
tion. The red/orange-colored solution rapidly be- 
came colorless, as the absorption decreased by the 
factor of  ten. The spectral signature of  the resultant 
tetracarboxy derivative was extremely broad, differ- 
ing significantly from the relatively narrow spectra 
shown in this work. This indicates that hydrolyzed 
PTCDA does not contribute significantly in our mea- 
surements. 

A second set of  solutions was prepared by dis- 
solving pre-purified PTCDA crystalline powder in 
N-methylpyrrolidinone (NMP) via sonication. The 
saturated solution concentration was 13 ___ 6 I.zM, 
indicating that PTCDA is somewhat more soluble in 
NMP than in DMSO. The effects of  PTCDA concen- 
tration in NMP on the absorption spectrum were also 
studied by repeated dilution. 

3. Experimental 

The absorption spectrum of the 2 I~M stock solu- 
tion in DMSO, shown in Fig. l a, has four clearly 
resolved peaks with a shoulder on the high energy 
side of  the 2.7 eV peak. In addition, the low energy 
tail (defined as the energy at which the absorption is 
> 5% of the peak absorption) extends to E < 1.90 
eV. This is compared to the thin film absorption 
spectrum (Fig. 1 b) with a broad absorption feature at 
E > 2.3 eV and a distinct, narrow peak centered at 
E =  2.23 eV. Furthermore, the low energy tail is 
comparatively short, extending to only E = 2.0 eV. 

The evolution of  absorption features was studied 
as a function of  concentration of  PTCDA in DMSO 
(Fig. 2a). Starting with a saturated 2 I~M solution, 
each dilution step reduced the PTCDA concentration 
to 80% of its previous value, yielding a concentra- 
tion of [k] = 0.25 i.zM after nine steps. It is evident 
from Fig. 2a that no energy shifts are observed for 
any of  the four peaks on dilution. However, to 
accurately determine behavior of  absorption transi- 
tions on concentration, each solution absorption 
spectrum was fit to six Gaussian peaks with the 
parameters provided in Table 1. Each of  the four 
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Fig. 1. Absorption (solid line) and fluorescence (dashed line) 
spectra of (a) 2 ~M solution of PTCDA in DMSO, and (b) 1000 
,~ thick PTCDA film. The energy position for each absorption and 
fluorescence transition is identified. 

high energy Gaussian curves corresponds to the 
clearly distinct absorption peaks in this spectrum. 
Fitting parameters for the two lowest curves at E = 
2.23 and 2.12 eV are chosen to agree with indepen- 
dent studies of  electroabsorption [6] and photocon- 
duction [10,14] in PTCDA thin films. Table 1 also 
shows the results of a similar fit to the thin film 
absorption spectrum, where the two lowest energy 
peaks are obtained from these same previous studies. 

The dependence of  the E = 2.23, 2.39, 2.55 and 
2.74 eV integrated peak areas (which are propor- 
tional to the transition oscillator strength) as a func- 
tion of  PTCDA concentration in DMSO are shown 
in Fig. 2b, while a sample fit for the spectrum of a 
[k] = 0.8 I.~M solution is shown in the inset. The plot 
in Fig. 2b indicates a rapid attenuation of  both the 
E = 2.74 eV and the lowest energy peak (E  = 2.23 
eV) with respect to the E = 2.39 eV peak, however 
only the 2.23 eV peak completely attenuates at con- 

lium gas of high purity !99.9999%" is expanded through a
nozzle 10 #m in diameter at a stagnation pressure of 55 bar
and a nozzle temperature of 17 K, generating helium droplets
containing $20 000 He atoms.21 The droplet beam is doped
with the organic molecules in a separate pick-up chamber,
thermally evaporating the material in an oven. The tempera-
ture of the oven was maintained at 620 K for PTCDA to
maximize the droplets containing one molecule. PTCDA
powder from Aldrich was used without further purification.
The superfluid droplet cools the embedded molecule down to
380 mK.22 At that temperature, only vibrational ground states
are expected to be populated. In the next chamber the droplet
beam is crossed perpendicularly by a beam of a cw ring dye
laser !Coherent 699". Stilbene 3 and Coumarin 102 dyes
were used for accessing the corresponding excitation ener-
gies. The laser was operated multimode having a linewidth
of 0.05 cm!1. The beam was introduced in the vacuum
chamber via a single-mode fiber and coupling optics result-
ing in a diameter of 2 mm at the intersection with the droplet
beam. Laser-induced fluorescence was collected by a lens
and focused onto a photomultiplier. Lock-in amplification as
well as computer control of the apparatus assisted collection
of data. Laser wavelengths have been recorded by a commer-
cial wavemeter !Burleigh WA20".

III. RESULTS

Figure 1 shows the laser-induced fluorescence !LIF" ab-
sorption spectrum of PTCDA monomers embedded in he-
lium droplets between 20 950 and 23 450 cm!1. The spec-
trum is characterized by narrow excitation lines and very
broad (500 cm!1) absorptions bands, the most prominent of
the latter having its maximum around 22 450 cm!1. These
broad contributions are relics of excitonic transitions of
PTCDA complexes and are discussed in Ref. 16. There are
also narrow lines of PTCDA complexes !mostly dimers" in
the range of the spectrum. These absorptions can unambigu-
ously be assigned by recording intensities dependent on the
temperature of the pick-up oven, which results in Poissonian
distribution. The order of the Poissonian functional form is
directly related to the complex size.16 Areas containing
prominent lines coming from complexes are colored gray in

Fig. 1. In helium droplets the origin of the S1←S0 transition
of PTCDA monomers appears at 20 988 cm!1 as a very
strong line.23 Analogous to electronic transitions of organic
molecules probed in helium before, absorptions are charac-
terized by intense zero phonon lines !ZPLs". The linewidth
full width at half maximum !FWHM" of 0.7 cm!1 is typical
for all the lines in Fig. 1 and shown in more detail for the
0–0 transition in Fig. 2. Compared to experiments using
pulsed lasers, the accompanying phonon wings !PWs" are in
our experiments suppressed because of the low power den-
sity of the cw laser. The relative integrated intensity of the
phonon wing in comparison with the zero phonon line is
about 15%. One has attributed the most prominent maxima
of the PW to maxon and roton excitations, reflecting the
peculiar dispersion relation of the superfluid,7 which, how-
ever, comes out differently for different embedded molecules
because of the unlike compressed solvation shells. On the
other hand, distinct maxima have also been interpreted as
excitations of localized vibrational modes of the solvation
shell.2 We find maxima in the first trident at 3.8, 5.6, and
8.2 cm!1, respectively.

FIG. 1. LIF-spectrum of PTCDA monomers in helium nanodroplets. The origin of the S1←S0 transition occurs at 20 988 cm!1. The spectrum is normalized
to 1. The vibrationally excited states are well separated at higher energies. Areas with lines originating of PTCDA complexes are colored gray.

FIG. 2. Structure of the 0–0 transition. The ZPL is slightly asymmetrically
broadened to 0.7 cm!1. The most prominent maxima in the phonon wings
are related to maxon and roton excitations.
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AGENDA

• time-dependent formulation of vibronic absorption spectra
• classical trajectories in common approaches
• generalized time-correlation functions
• Matsubara dynamics

Goal:  nuclear quantum dynamics effects in vibronic spectroscopy with classical trajectories

This talk:



THE HELLER FORMULA

• using Fourier-integral representation of delta function

• time correlation function (TCF) expression

• same information, but obtained using time-domain techniques

δ(ω) =
1

2π ∫ dteiωt

α(ω) |T=0 =
1

2πℏ ∫
+∞

−∞
dteiωt⟨χg,0 |eiĤgt/ℏ ̂dgee−iĤet/ℏ ̂deg |χg,0⟩

E. J. Heller, JCP 68, 3891 (1978)

α(ω) =
1

Zvib ∑
MN

e−βEg,M |⟨χe,N | ̂deg |χg,M⟩ |2 δ(ℏω − ℏωeg − (Ee,N − Eg,M))



SIMPLE EXAMPLE: MORSE OSCILLATOR
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A LESS SIMPLE EXAMPLE

• PBI aggregate

• MCTDH model of n-mer with n x 5 modes
• but…. curse of dimensionality
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 COMMON TRAJECTORY APPROACHES

• Heller’s wave packet formulation (time-dependent)
• single point + empirical broadening (static)
• sampling of configurations (static)

•

Introduction

Common approaches

single point

E E

SCL

static picture time-dependent picture

stick spectra Fourier transforms of TCFs

wave packet

E

1. single-point calculation: no nuclear information, only empirical broadening2

2. sampling = statical classical limit (SCL), no fine structure

3. wave-packet propagation:3 accurate but often still very expensive

methodological goal

find a feasible, adequate approach in between the extremes
2
S. Mukamel, Principles of nonlinear optical spectroscopy, Oxford University Press, Oxford, 1995

3
E. J. Heller, J. Chem. Phys. 68, 3891 (1978)
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DYNAMICAL CLASSICAL LIMIT (DCL)
α(ω) =

1
2πℏZvib ∑

M
∫

+∞

−∞
dteiωt⟨χg,M |e−βEg,MeiĤgt/ℏ ̂dgee−iĤet/ℏ ̂deg |χg,M⟩ =

1
2πℏ ∫

+∞

−∞
dteiωt C(t)

e−iĤet/ℏ = e−iĤgt/ℏ exp+[ − i∫
t

0
dτΔ̂eg(τ)]

C(t) =
1

Zvib
trvib[e−βĤgeiĤgt/ℏ ̂dgee−iĤet/ℏ ̂deg] = ⟨eiĤgt/ℏ ̂dgee−iĤet/ℏ ̂deg⟩vib

ℏΔ̂eg(t) = eiĤgt/ℏ( ̂Ve − ̂Vg)e−iĤgt/ℏ

C(t) = ⟨ ̂dge(t)exp+[ − i∫
t

0
dτΔ̂eg(τ)] ̂deg(0)⟩vib

• use interaction representation to introduce energy gap fluctuations



• only ground state trajectories are required
• readily interface with standard classical molecular dynamics codes
• extension to nonlinear spectroscopy straightforward

•

Achievements The dynamical classical limit

The dynamical classical limit (DCL)
4

single point

E E

SCL

static picture time-dependent picture

stick spectra Fourier transforms of TCFs

wave packet

E

DCL

E

practical ansatz:

only ground-state trajectories, simple protocol

æ readily applicable to complex systems

æ non-linear spectroscopy
4
V. May and O. Kühn, Charge and energy transfer dynamics in molecular systems, Wiley-VCH, Weinheim, 2011.
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CDCL(t) =
1

Zcl ∫ dx0dp0e−βHg(0)dge(xt)deg(x0)exp[ − i∫
t

0
dτΔeg(xτ)]



• XAS of gas phase water

• OH stretch of H2O (1D)

• what’s missing?
• on the ground state: nuclear quantum effects (ZPE, tunneling)
• on the excited state: info about accessible potential, nonadiabatic effects

•

Achievements The dynamical classical limit

X-ray absorption spectra (XAS) of gas-phase water
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of the core hole

E

SCL

stick spectra

DCL

E

Fourier transforms of TCFse-

no remarkable di↵erences at realistic experimental conditions

progressions can be resolved at artificial conditions

æ DCL more information than sampling

however, linear spectrum not very sensitive5 6

5
SK, Sergey I. Bokarev, Saadullah G. Aziz, Sergei D. Ivanov, and Oliver Kühn, J. Chem. Phys. 146, 224203 (2017)

6
SK, Sergei D. Ivanov, Saadullah G. Aziz, Sergey I. Bokarev, and Oliver Kühn J. Phys. Chem. Lett. 8, 992 (2017)
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•

Achievements The dynamical classical limit

Is the DCL enough?

DCL not accurate enough:

(1D system: OH-bond of H2O at 300K)

DCL x0.05

0 0.05 0.1 0.15 0.2 0.25

exact

0

1

0

2

�
�-�[au]

0-1

0-2

0-0

no excited-state dynamics, no nuclear quantum e↵ects
more improvement with imaginary-time path integrals?
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• method to capture quantum effects on statistical distribution
• mapping onto dynamics of classical ring polymer in configuration space

• formally exact expression, allows to describe quantum effects on equilibrium properties 
using classical trajectories

IMAGINARY-TIME PATH INTEGRALS 

⟨ ̂AB̂⟩ =
1
Z

tr[e−βĤ ̂AB̂] = lim
P→∞

1
ZP ∫ dxe−βU(x)A(x)B(x)

•

Achievements Imaginary-time path integrals

Background: Imaginary-time path integrals (PIs)

static canonical average

e
ÂB̂

f
=

1

Z
Tr

Ë
e≠—Ĥ ÂB̂

È
= lim

PæŒ

1

ZP

⁄
dxe≠—U(x)A(x)B(x)

quantum object ring polymer

classical configuration-space integral,7 ring polymer = P beads

imaginary time: e≠—Ĥ =̂ eiĤt/~ ¡ t =̂ i—~
e↵ective potential:

U(x) = harmonic springs + physical potential

quasi-classical object, capturing quantum e↵ects æ MD techniques
7
R. P. Feynman and A. R. Hibbs, Quantum Mechanics and Path Integrals, McGraw-Hill, New York, 1965
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quantum distribution ring polymer

U(x) : harmonic springs + physical potential

R.P. Feynman & A.R. Hibbs, Quantum Mechanics and Path Integrals, McGraw Hill, 1965



RING-POLYMER MOLECULAR DYNAMICS (RPMD)
• original path-integral formulation for static case only
• for spectroscopy TCFs are needed

• RPMD makes use of ring polymer expression and takes trajectories that were intended 
for sampling only (not rigorous except, e.g., harmonic oscillators)

• vibrational dynamics via dynamics of ring polymer 

CAB(t) = ⟨ ̂A(0)B̂(t)⟩ =
1
Z

tr[e−βĤ ̂A(0)B̂(t)] B̂(t) = eiĤt/ℏB̂e−iĤt/ℏ

I. R. Craig, D. E. Manolopoulos, JCP 121, 3368 (2004); S. Habershon et al. Annu. Rev. Phys. Chem. 64, 387 (2013)
•

Achievements Imaginary-time path integrals

Imaginary-time PIs for vibronic spectroscopy?

problem:

PI ansatz is only static

for spectroscopy, time-correlation functions (TCFs) are needed

C (t) =
e
ÂB̂(t)

f
=

1

Z
Tr

Ë
e≠—Ĥ ÂB̂(t)

È

How to get it?

vibrational transitions: classical dynamics of the ring polymer8

æ ring-polymer molecular dynamics (RPMD)

not rigorous, still useful + trajectory-based, time-dependent

8
I. R. Craig and D. E. Manolopoulos, J. Chem. Phys. 121, 3368 (2004)
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TCF: CLASSICAL LIMIT
• absorption spectrum

• properties of quantum TCF

• simple classical approximation does not fulfill detailed balance

• large number of classical correction schemes derived from equivalent quantum 
formulations

CAB(t) = ⟨ ̂A(0)B̂(t)⟩ =
1
Z

tr[e−βĤ ̂A(0)B̂(t)]

CAB(t) = C*BA(−t) ↔ CAB(ω)/CBA(−ω) = exp(βℏω)

CAB,class(t) = CBA,class(−t) ↔ CAB,class(ω)/CBA,class(−ω) = 1

R. Ramírez  et al., JCP 121, 3973 (2004)

α(ω) ∝ ∫ dte−iωt CAB(t) = CAB(ω) ( ̂A = B̂ = ̂d)



• introduce imaginary-time shifted  TCF

• Kubo-transformed TCF

• most classical-like TCF

• de facto best method for vibrational (IR) spectroscopy

Cλ(t) = CAB(t + iλℏ) =
1
Z

tr[e−(β−λ)Ĥ ̂A(0)e−λĤB̂(t)]

CKubo(t) =
1
β ∫

β

0
dλCλ(t) = CKubo(−t)

KUBO-TRANSFORMED TCF

R. Ramírez  et al., JCP 121, 3973 (2004)

α(ω) ∝ ∫ dte−iωtCKubo(t) =
1
β ∫

β

0
dλCλ(ω)



GENERALIZED TCF
• relation between Fourier-transforms  of  original and imaginary-time shifted TCF

• ad-hoc generalization suggested by identity

• given a weight-function W the spectrum of the original TCF can be recovered

• in practice one is searching for approximations to the generalized TCF

1
β ∫

β

0
dλW(λ)Cλ(ω) =

1
β ∫

β

0
dλW(λ)e−λℏωCAB(ω) = p(ω)CAB(ω)

CW(t) =
1
β ∫

β

0
dλW(λ)Cλ(t)

S. Karsten et al., JCP 148, 102337 (2018)

CAB(ω) = ∫ dte−iωtCAB(t) = Cλ(ω)eλℏω

CAB(ω) = p−1(ω)∫ dte−iωt 1
β ∫

β

0
dλW(λ)Cλ(t)



RPMD & GENERALIZED TCF

• leads to dynamics on ‚both potentials‘

• details of partitioning depend on intrinsic and external 
weights 

•

Achievements The generalized TCF

Interim summary

X time-dependent, trajectory-based approaches

X dynamical classical limit (DCL) not enough æ imaginary-time PIs

? “heuristic” ring-polymer molecular dynamics ansatz
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Ul(x) = Kpoly(x) +
1
P [

l

∑
k=0

ηkVe(xk) +
P

∑
k=l

ηkVg(xk)]

P = 9,l = 4

k = 0

k = l

• generalized TCF can be combined with RPMD idea to include nuclear quantum effects

Kpoly(x) =
P−1

∑
k=0

P
2β2ℏ2

(xk − xk+1)TM(xk − xk+1)

Ve

ηk = 1/2 (k = 0,l, P)
ηk = 0 (l = 0,P)



• generalized TCF expression applied to vibronic transition

CW(t) =
1
P

P

∑
l=0

ηl W(λl) ξλl
⟨dge(xl)deg(x0(t))ei/ℏ ∫t

0 dτ[Ve(x0(τ)−Vg(x0(τ)]⟩λl
λl = lβ/P

•

Achievements The generalized TCF

Commonly used TCFs: imaginary-time PIs vs. DCL

two 1D systems: mimic OH-bond of H2O at 300K

DCL x0.15
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�-�[au]
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DCL fails for both scenarios, as expected

Kubo not bad for the system with large displacement

especially for the right system: much room for improvement
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•

Achievements The generalized TCF

Commonly used TCFs: imaginary-time PIs vs. DCL

two 1D systems: mimic OH-bond of H2O at 300K
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external & intrinsic weights

•

Achievements The generalized TCF

Interim summary

X time-dependent, trajectory-based approaches

X dynamical classical limit (DCL) not enough æ imaginary-time PIs

? “heuristic” ring-polymer molecular dynamics ansatz
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RELATION  TO OTHER SCHEMES

• common quantum correction schemes are recovered by special choice of  W
• but - new scheme opens way to infinitely many new TCFs

•

Achievements The generalized TCF

The generalized TCF

Which TCF to take for vibronic spectroscopy?

various equivalent TCFs are known, leading to di↵erent approximations9

real part imag. partScho�eld Kubostandard

choice for vibrational
transitions

the generalized TCF
10

definition of a weighting function w

enables construction of infinitely many new TCFs

9
R. Ramirez, et al., J. Chem. Phys. 121, 3973 (2004)

10
SK, Sergei D. Ivanov, Sergey I. Bokarev, and Oliver Kühn, J. Chem. Phys. 148, 102337 (2018)
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DCL ACL

P. Schofield, PRL 4, 239 (1960)

+RPMD



•

Achievements The generalized TCF

Commonly used TCFs: imaginary-time PIs vs. DCL

two 1D systems: mimic OH-bond of H2O at 300K

DCL x0.15

-0.02 0 0.02 0.04 0.06 0.08
�-�[au]

exact

Kubo x1.0

small displacement 0

1

0

2

0-1 0-20-0

DCL x0.05

0 0.05 0.1 0.15 0.2 0.25
�-�[au]

exact

Kubo x1.0

large displacement 0

1

0

2

0-1

0-2

0-0

� �

DCL fails for both scenarios, as expected

Kubo not bad for the system with large displacement

especially for the right system: much room for improvement
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PERFORMANCE OF STANDARD METHODS

• DCL fails (see above)
• Kubo performance depends on systems parameters

P = 128 P = 32



TOWARDS NEW TCFS

• low-pass Kubo works for 
• smoothed Schofield works for 

βℏωg = 18.6
βℏωg = 5
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•

Achievements The generalized TCF

The flexibility of the generalized formalism

system with the small displacement at two temperatures

two completely new, constructed TCFs, non-trivial weighting functions:

low-pass TCF & smoothed Schofield TCF

-0.02 -0.01 0 0.01 0.02 0.03 0.04 0.05 0.06 0.07
[au]

Kubo
smoothed Scho�eld

low-pass

-0.02 -0.01 0 0.01 0.02 0.03 0.04 0.05 0.06 0.07
[au]

Kubo
smoothed Scho�eld

low-pass

300K high temperature

�-� �-�

exact exact

1. low-pass idea works for 300K

2. smoothed Schofield idea works for high temperature

still room for improvement

æ optimization procedure + physical motivation?
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WSchofield(λ) = δ(λ − β/2) → e−|λ−β/2|ϵ WKubo(λ) = 1 → e−λϵ
smoothed Schofield Kubo with low-pass filter

W(λl) ξλl

•

Achievements The generalized TCF

Interim summary

X time-dependent, trajectory-based approaches

X dynamical classical limit (DCL) not enough æ imaginary-time PIs

? “heuristic” ring-polymer molecular dynamics ansatz
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P = 9,l = 4

k = 0

k = l

Ve



• dynamic PI-based approach to TCFs developed for vibrationally spectroscopy

• in that case rigorous up to the Matsubara approximation

• only smooth imaginary-time paths contribute to TCF

• dynamics of smooth paths classical, but gives correct quantum statistics

• RPMD & centroid MD are limiting cases of Matsubara dynamics

MATSUBARA DYNAMICS

T. Hele et al., JCP 142, 134103 (2015); S. C. Althorpe, Eur. J. Phys. B 94, 155 (2021)
•

Achievements Matsubara dynamics and the modified method

Matsubara dynamics

dynamic PI ansatz, developed for purely vibrational transitions11

rigorous up to a single assumption: only smooth imaginary-time paths

neglect highest modes

C (t) Ã
⁄

dQdP e≠—[H(Q,P)+iPTWQ]A(Q)B(Q(t)), W Ã 2fin

~—
, n œ Z

sign problem leads to poor convergence: no practical method

for vibrational transitions:

feasible methods identified as approximations to Matsubara

11
T. J. H. Hele, et al., J. Chem. Phys. 142, 134103 (2015)
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• imaginary-time shifted TCF for electronic two-state problem (no weight function used!)

• transformation to phase-space integral in spirit of path integrals

Cλ(t) =
1
Z

trvib[e−(β−λ)Ĥg ̂dgee−λĤeeiĤet/ℏ ̂dege−iĤgt/ℏ]

Cλl
(t) = ∫ dxdp Al(x, p)Bl(x, p, t)



• time-independent part

• locally harmonic potentials w.r.t. distance between beads facilitates integration
• Matsubara approximation

Q, Π : normal modes of free-particle 
ring polymer

Kpoly(x) =
P−1

∑
k=0

P
2β2ℏ2

(xk − xk+1)TM(xk − xk+1)

Al(x, p) =
1

Z(2πℏ)P ∫ dΔeipΔ/ℏ 1
2

[ ̂dge(x+
l ) + ̂dge(x−

l )]
P−1

∏
i=l

⟨x−
i+1 |e−βĤg/P |x+

i ⟩
l−1

∏
i=0

⟨x−
i+1 |e−βĤe/P |x+

i ⟩

M ≪ P (M̄ = (M − 1)/2)



• time-dependent part

• time evolution w.r.t. full quantum Liouvillian 
• trafo to Matsubara modes (plus sin/cos expansion) yields 

classical-like time evolution with phase factor

• Hamilton EOM to obtain

• dynamics depends on choice of (arbitrary) Hamiltonians, here 

Bl(x, p) = ∫ dΔe−ipΔ/ℏ
P−1

∏
i=0

⟨x+
i |eiℋ̂it/ℏ�̂�ie−iℋ̂′ it/ℏ |x−

i ⟩

�̂�i = 1̂, ∀i > 0 �̂�0 = ̂deg

ℋ̂′ i = ℋ̂i, ∀i > 0 ℋ̂′ 0 = Ĥg, ℋ̂0 = ĤeBl(Q, Π, t) = deg(x0(t))exp{ i
ℏ ∫

t

0
dτ[Ve(x0(τ) − Vg(x0(τ))]}

x0(t) = x0[Q(t)]

·Q =
1
m

Π ·Π = − ∇𝒰l(Q)

ℋ̂i = (Ĥg + Ĥe)/2



• TCF in Matsubara approximation

• difficult to converge due to ‚sign problem‘
• modified Matsubara method

• ad hoc modification of Matsubara density
• exact for harmonic case and  ( : ground state Hessian)

• can be extended to anharmonic systems using (kind of) local harmonic 
approximation along imaginary time path
➡ problems expected for vanishing or negative curvature

λ = 0 K(Q)

Cλl
(t) ∝ ∫ dQdΠ e−β[Hl(Π,Q)+iΠTΩQ] dge(xl(Q)) Bl(Π, Q, t) [Ω]rs =

2πr
βℏ

δr,−s

iΠTΩQ →
1

2m
ΠTΩTK−1ΩΠ +

m
2

QTΩTΩQ

S. Karsten et al., JCP 149, 194103 (2018)
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• anharmonic phase space probability densities (quartic potential)

classical Boltzmann Matsubara („indirect sampling“)

modified Matsubara exact



• performance of modified Matsubara method

•

Achievements Matsubara dynamics and the modified method

Vibronic spectra from the modified Matsubara method

fe
w

 p
oi

nt
s

m
an

y 
po

in
ts

small shift

0

1

0

2

0-1
0-2

0-0

�

�-�

exact

few points: Matsubara and modified coincide,
10x more trajectories for Matsubara

Matsubara does not converge, modified method reaches remarkable accuracy
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• few points: Matsubara and its modification coincide (10 x more trajectories in 
former case)

• many points: Matsubara doesn’t converge, modified remarkable accurate

M = P = 5

M = 25, P = 45

10000 trajectories



SUMMARY

•

Conclusions & outlook

Conclusions

single point

E E

SCL

static picture time-dependent picture

stick spectra Fourier transforms of TCFs

wave packet

E

imaginary-time
path integrals

E

DCL

E

1. the DCL: simple protocol, application to (non-)linear spectra

2. imaginary-time path integrals: improvement over purely classical approaches

3. the generalized TCF: connects known TCFs, possibility to construct new ones
4. Matsubara dynamics:

modified method as a new ansatz to avoid the sign problem
remarkable accuracy for vibronic spectra
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OPEN QUESTIONS

• generalized TCF gives possibility to generate an infinite number of new TCFs
‣ What’s the best strategy for optimal choice of weight function?

• modified Matsubara method showed remarkable accuracy even for anharmonic systems
‣ Why it works at all and what are the conditions under which it will fail? 

• How to marry generalized TCFs and modified Matsubara?
• extension to nonlinear spectroscopy
• …….

Thanks for your attention!


