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1) Why an accurate NAC is important

Error accumulation Bead average NAC Predictive NAC 
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𝑖ℏ
𝜕Ψ 𝒓, 𝑹, 𝑡

𝜕t
= 𝐻 𝒓, 𝑹, 𝑡 Ψ 𝒓,𝑹, 𝑡

Ψ 𝒓,𝑹, 𝑡 = ෍

𝑗

𝑐𝑗 𝑡 𝜓𝑗 𝒓;𝑹 𝑡

𝑖ℏ
𝜕𝑐𝑗 𝑡

𝜕t
=෍

𝑘

𝑐𝑘 𝑡 𝜀𝑗𝛿𝑗𝑘 − 𝑖ℏ𝒅𝒋𝒌 ∙ ሶ𝑹

𝒅𝒋𝒌 ∙ ሶ𝑹 = 𝜓𝑗 ∇𝑹 𝜓𝑘 ∙ ሶ𝑹 =
𝜓𝑗 ቚ∇𝑹 ҭ𝐻ห𝜓𝑘

𝜀𝑘 − 𝜀𝑗
∙ ሶ𝑹

Non-adiabatic coupling (scalar) 

𝒅𝒋𝒌 ∙ ሶ𝑹 = 𝜓𝑗
𝜕
𝜕𝑡

𝜓𝑘 =
1

2𝑑𝑡
𝜓𝑗 𝑟, 𝑡 𝜓𝑘 𝑟, 𝑡 + 𝑑𝑡 − 𝜓𝑗 𝑟, 𝑡 + 𝑑𝑡 𝜓𝑘 𝑟, 𝑡

HST Equation

𝜓𝑗 Adiabatic Wavefunction

• Planewaves Basis Set
• Atomic  Basis Set
• Mixed

2) What is NAC

Widely used in 
Condensed matter systems
Metal; Surface; Solid
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Calculated  with CAnac (All corrections are included)

Conventional NAC without any correction

3) What are NACs look like
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with ultra low-frequency lattice phonon 

TiO2
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• Frozen core approximation
No core orbitals are taken into account in the whole calcualtion

Basic concepts about PAW

• The all-electron (AE) wavefunction in PAW, also

known as true or exact wavefunction, has nothing

to do with the core electrons wavefunction (e.g.

WIN2K)

• AE wavefunction oscillates sharply within the core

region
Large cutoff; Expensive

• PS wavefunction is identical with corresponding AE

wavefunction outside the core region
Small cutoff; Efficient; But wrong shape in the core region
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෩𝛙𝐤

AE PS PS-onsite AE-onsite

ȁ ۧ𝝍𝐤 = ෡𝓣ห ൿ෩𝛙𝐤 = ห ൿ෩𝛙𝐤 + ෍
𝐚
෍

𝐢

𝛟𝐢
𝐚 − ෩𝛟𝐢

𝐚 ෥𝐩𝐢
𝐚 ෩𝛙k

𝝍𝐤 All electron Wavefunction Pseudo Wavefunction

𝛟𝐢
𝐚

ith AE partial wave of atom a ෩𝛟𝐢
𝐚

ith AE partial wave of atom a ෥𝐩𝐢
𝐚 Projector function 

Basic concepts about PAW
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Exact NAC with PAW

ȁ ۧ𝝍𝐤 = ෡𝓣ห ൿ෩𝛙𝐤 = ห ൿ෩𝛙𝐤 + ෍
𝐚
෍

𝐢

𝛟𝐢
𝐚 − ෩𝛟𝐢

𝐚 ෥𝐩𝐢
𝐚 ෩𝛙k

• PS WFNs are neither orthonormal nor eigen wavefunction

𝒅𝒋𝒌 ∙ ሶ𝑹 = 𝜓𝑗
𝜕
𝜕𝑡

𝜓𝑘 =
1

2𝑑𝑡
𝜓𝑗 𝑟, 𝑡 𝜓𝑘 𝑟, 𝑡 + 𝑑𝑡 − 𝜓𝑗 𝑟, 𝑡 + 𝑑𝑡 𝜓𝑘 𝑟, 𝑡

HST Equation

• AE WFN has never been used in the SCF calculation

• PS WFN is based on PW grids, while other partial waves and projector function are based on atom 

centered radial grids.

𝒅𝒋𝒌 ∙ ሶ𝑹 = ෨𝜓𝑗
𝜕
𝜕𝑡

෨𝜓𝑘 =
1

2𝑑𝑡
෨𝜓𝑗 𝑟, 𝑡 ෨𝜓𝑘 𝑟, 𝑡 + 𝑑𝑡 − ෨𝜓𝑗 𝑟, 𝑡 + 𝑑𝑡 ෨𝜓𝑘 𝑟, 𝑡

• So people used PS WFNs instead without rigid test for a long time

• PS WFN is readily available (VASP WAVECAR QE pwscf.save/K0001 etc.  )
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Deviation between exact NAC and PS NAC

PS NAC fails for transition metal

JPCL 2020 11, 10073-10080

𝛟𝐢
𝐚 ෩𝛟𝐢

𝐚

ȁ ۧψk = ෠𝒯ห ൿ෩ψk = ห ൿ෩ψk +෍
a
෍

i

ϕi
a − ෩ϕi

a ෤pi
a ෩ψk

p

d



VISTA, 4 / 28 / 2021

Exact NAC with PAW

ȁ ۧψk = ෠𝒯ห ൿ෩ψk = ห ൿ෩ψk +෍
a
෍

i

ϕi
a − ෩ϕi

a ෤pi
a ෩ψk

χ𝑘
𝑎 =෍

𝑖

𝜙𝑖
𝑎 𝑟 ෤𝑝𝑖

𝑎 ෨𝜓𝑘 ෤χ𝑘
𝑎 =෍

𝑖

෨𝜙𝑖
𝑎 𝑟 ෤𝑝𝑖

𝑎 ෨𝜓𝑘

෤𝑝𝑖
𝑎 ෨𝜙𝑗

𝑎 = 𝛿𝑖𝑗 𝜙𝑖
𝑎 𝑟 = ෨𝜙𝑖

𝑎 𝑟 𝑟 − 𝑅0 > 𝑟𝑐 ෨𝜓𝑘 𝑟 =෍

𝑖

෨𝜙𝑖
𝑎 𝑟 ෤𝑝𝑖

𝑎 ෨𝜓𝑘 𝑟 − 𝑅0 < 𝑟𝑐

𝜓𝑗 𝐴 𝜓𝑘 = ෨𝜓𝑗 + σ𝑎 χ𝑗
𝑎 − ෤χ𝑗

𝑎 𝐴 ෨𝜓𝑘 + σ𝑎 χ𝑘
𝑎 − ෤χ𝑘

𝑎

= ෨𝜓𝑗 𝐴 ෨𝜓𝑘 +෍

𝑎

χ𝑗
𝑎 𝐴 χ𝑘

𝑎 − ෤χ𝑗
𝑎 𝐴 ෤χ𝑘

𝑎 +

σ𝑎 χ𝑗
𝑎 − ෤χ𝑗

𝑎 𝐴 ෨𝜓𝑘 − ෤χ𝑘
𝑎 + σ𝑎

෨𝜓𝑗 − ෤χ𝑗
𝑎 𝐴 χ𝑘

𝑎 − ෤χ𝑘
𝑎 +

σ𝑎 σ𝑎′,𝑎′≠𝑎 χ𝑗
𝑎 − ෤χ𝑗

𝑎 𝐴 χk
𝑎′ − ෤χ𝑘

𝑎′

1

2

3

For any operator A

If A is a local operator, Term 2 and Term 3 are zero   
However d/dt is a nonlocal operator
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• Main idea :

If you don’t know how to calculate it, consider to neglect it

Prove approximation is reasonable

• But this is science :

Concentric Approximation (CA) NAC

PW x PW;   PW x Radial;  Radial x Radial (different center)

PW x PW;  Radial x Radial (concentric)

Atom center moves much slower  ~<0.2% of core radius in 1 fs

𝒅𝒋𝒌 ∙ ሶ𝑹 = 𝜓𝑗
𝜕
𝜕𝑡

𝜓𝑘

=
1

2𝑑𝑡
෨𝜓𝑗 𝑟, 𝑡 ෨𝜓𝑘 𝑟, 𝑡 + 𝑑𝑡 − ෨𝜓𝑗 𝑟, 𝑡 + 𝑑𝑡 ෨𝜓𝑘 𝑟, 𝑡

+
1

2𝑑𝑡
σ𝑎 σ𝑖σ𝑖′ 𝐶

∗
𝑗,𝑖
𝑎 𝑡 𝜙𝑖

𝑎 𝜙𝑖′
𝑎 − ෨𝜙𝑖

𝑎 ෨𝜙′
𝑎 𝐶 𝑘,𝑖′

𝑎
𝑡 + 𝑑𝑡

−
1

2𝑑𝑡
σ𝑎 σ𝑖σ𝑖′ 𝐶

∗
𝑗,𝑖
𝑎 𝑡 + 𝑑𝑡 𝜙𝑖

𝑎 𝜙𝑖′
𝑎 − ෨𝜙𝑖

𝑎 ෨𝜙𝑖′
𝑎 𝐶 𝑘,𝑖′

𝑎
𝑡

𝜙𝑖
𝑎 𝜙𝑖′

𝑎 − ෨𝜙𝑖
𝑎 ෨𝜙𝑖′

𝑎

𝐶 𝑘,𝑖′
𝑎 𝐫𝐞𝐚𝐝𝐢𝐥𝐲 𝐚𝐯𝐚𝐢𝐥𝐚𝐛𝐥𝐞 𝐟𝐨𝐫 𝐞𝐯𝐞𝐫𝐲 𝐒𝐂𝐅 𝐞𝐦𝐩𝐥𝐨𝐲 𝐏𝐀𝐖

constant for given pseudopotential

JPCL 2021 12, 3082-3089
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CH3OH @ TiO2 Surface CH3OH @ TiO2 Surface

0.03 s  + IO 0.5 sCalculation Time

Exact NAC

3~8 minutes

CA NAC

Even exact NAC code needs to consider some approximation

Concentric Approximation (CA) NAC
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NAC (meV)

 dt=1fs, 0.005Å mean displacementdt

 dt=5fs, 0.026Å mean displacementdt

 dt=10fs, 0.052Å mean displacementdt

Concentric Approximation (CA) NAC

dt ~ 10fs, which is too large to be

used in practical NAMD simulations

CA method still proved reliable
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𝒅𝒋𝒌 ∙ ሶ𝑹 = 𝜓𝑗
𝜕
𝜕𝑡

𝜓𝑘 =
1

2𝑑𝑡
𝜓𝑗 𝑟, 𝑡 𝜓𝑘 𝑟, 𝑡 + 𝑑𝑡 − 𝜓𝑗 𝑟, 𝑡 + 𝑑𝑡 𝜓𝑘 𝑟, 𝑡

HST Equation

Issue 1. Non-orthogonal basis sets

𝒅𝒋𝒌 ∙ ሶ𝑹 = 𝜓𝑗
𝜕
𝜕𝑡

𝜓𝑘 =
1

2𝑑𝑡

𝜓𝑗 𝑟, 𝑡 𝜓𝑘 𝑟, 𝑡 + 𝑑𝑡 − 𝜓𝑗 𝑟, 𝑡 𝜓𝒌 𝑟, 𝑡

+ 𝜓𝑗 𝑟, 𝑡 + 𝑑𝑡 𝜓𝑘 𝑟, 𝑡 + 𝑑𝑡 − 𝜓𝑗 𝑟, 𝑡 + 𝑑𝑡 𝜓𝑘 𝑟, 𝑡

Akimov et al., JCTC. 2016, 12, 5719

Revisit HST Equation

Main source of instability
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𝒅𝒋𝒌 ∙ ሶ𝑹 = 𝜓𝑗
𝜕
𝜕𝑡

𝜓𝑘 =
1

2𝑑𝑡
𝜓𝑗 𝑟, 𝑡 𝜓𝑘 𝑟, 𝑡 + 𝑑𝑡 − 𝜓𝑗 𝑟, 𝑡 + 𝑑𝑡 𝜓𝑘 𝑟, 𝑡

HST Equation

Revisit HST Equation

Main source of instability

Issue 2. Phase inconsistence

𝒅𝒋𝒌 ∙ ሶ𝑹 = 𝜓𝑗
𝜕
𝜕𝑡

𝜓𝑘 =
1

2𝑑𝑡
𝜓𝑗 𝑟, 𝑡 𝜓𝑘 𝑟, 𝑡 + 𝑑𝑡 − 𝜓𝑗 𝑟, 𝑡 + 𝑑𝑡 𝜓𝑘 𝑟, 𝑡

+1 +1 -1 -1 

+1 -1 -1 

Sign

Sign -1 ≈ 0

NAC’s sign maybe wrong

For complex wavefunction, you have almost zero possibility to get a correct NAC

determined by the diagonalization routine; basically, it’s random

≈
1

𝑑𝑡
𝜓𝑗 𝑟, 𝑡 𝜓𝑘 𝑟, 𝑡 + 𝑑𝑡

For real wavefunction, you have 25% possibility to get a correct NAC
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Issue 3. Trivial Crossing / Unavoided Crossing

𝒅𝒋𝒌 ∙ ሶ𝑹 = 𝜓𝑗
𝜕
𝜕𝑡

𝜓𝑘 =
1

2𝑑𝑡
𝜓𝑗 𝑟, 𝑡 𝜓𝑘 𝑟, 𝑡 + 𝑑𝑡 − 𝜓𝑗 𝑟, 𝑡 + 𝑑𝑡 𝜓𝑘 𝑟, 𝑡

≈
1

𝑑𝑡

.
𝝍𝒋

𝝍𝒌

In reality
1

2𝑑𝑡
𝜓𝑗 𝑟, 𝑡 𝜓𝑘 𝑟, 𝑡 + 𝑑𝑡 − 𝜓𝑗 𝑟, 𝑡 + 𝑑𝑡 𝜓𝑘 𝑟, 𝑡

.
𝝍𝒌

𝝍𝒋

Large gap

𝒅𝒋𝒌 ∙ ሶ𝑹 = 𝜓𝑗
𝜕
𝜕𝑡

𝜓𝑘 =
1

2𝑑𝑡
𝜓𝑗 𝑟, 𝑡 𝜓𝑘 𝑟, 𝑡 + 𝑑𝑡 − 𝜓𝑗 𝑟, 𝑡 + 𝑑𝑡 𝜓𝑘 𝑟, 𝑡

In reality
1

2𝑑𝑡
𝜓𝑗 𝑟, 𝑡 𝜓𝑘 𝑟, 𝑡 + 𝑑𝑡 − 𝜓𝑗 𝑟, 𝑡 + 𝑑𝑡 𝜓𝑘 𝑟, 𝑡

Revisit HST Equation

Phase issue
Spikes for interband relaxation!
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Issue 3. Trivial Crossing / Unavoided Crossing

Revisit HST Equation

Issue 2. Phase inconsistence

Issue 1. Non-orthogonal basis sets

Solution Phase correction 

Rely on overlap 𝜓𝑗(𝑡) 𝜓𝑗(𝑡 + 𝑑𝑡)

Rely on overlap 𝜓𝑗(𝑡) 𝜓𝑘(𝑡 + 𝑑𝑡)

Solution State tracking

Solution Use orthogonal basis sets

Code available : https://github.com/WeibinChu/CA-NAC

Akimov, JPCL 2018, 9,  6096–6102

Tretiak et al., JCP 2012, 137, 10

CAnac can helps!

Error in pseudo overlap are much larger  ~5% to 30%

0 200 400 600 800 1000
-30

-20
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A single issue has limited impact, 
but putting these problems 
together may magnify the error 
several hundred times
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Thank You！

Weibin Chu Apr 28th 2021wc_086@usc.edu


