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How to Survive the COVID-19 Apocalypse

Some people bake sourdough bread...
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How to Survive the COVID-19 Apocalypse

...others home roast coffee beans...
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How to Survive the COVID-19 Apocalypse

The subject of this talk
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Spectroscopy

Absorption spectrum

0.00 0.05 0.10 0.15
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2

I (ω) ∝ µ2
∑

n
|
⟨
ψg

0 | ψ
e
n
⟩
|2 δ(E e

n − E g
0 − ℏω) (1)
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Spectroscopy

Time-dependent view (Heller)

I (ω) ∝ µ2
∫ ∞
−∞
⟨ψg(0) | ψe(t)⟩ e iωt dt
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Quantum Coherence

Coherence ρ̂eg

ρ̂eg = |ψe(t)⟩ ⟨ψg(t)|

Wavepacket correlation function
⟨ψg(t) | ψe(t)⟩ = Tr ρ̂eg

This is often treated semiclassically

Tr ρ̂eg ≃
∫
ρSC

eg (q, p, t)dqdp
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There is an issue...

Semiclassical theory gives wrong mechanical frequencies
 

From: Shaul Mukamel, Principles of Nonlinear Spectroscopy, Oxford (1995)
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Formalism: Wigner-Weyl-Moyal-Groenewold

An exact representation of quantum mechanics
in phase space

Operators become phase space functions

The density operator becomes a (quasi) probability
density in phase space
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Weyl Symbols and Wigner Functions

The Weyl symbol of the operator Â:

A(q, p) =
∫ ⟨

q + y
2
∣∣ Â

∣∣q− y
2
⟩

e−ipy/ℏ dy

The Wigner function of density operator ρ̂:

ρ(q, p) = 1
2πℏ

∫ ⟨
q + y

2
∣∣ ρ̂ ∣∣q− y

2
⟩

e−ipy/ℏ dy

For pure state ψ(q) = ⟨q | ψ⟩:

ρ(q, p) = 1
2πℏ

∫
ψ∗(q + y

2)ψ(q−
y
2)e
−ipy/ℏ dy

Craig C. Martens University of California, Irvine Zombie Cats 10 / 35
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Star Product

Weyl symbol of an operator product:

(AB)(q, p) =
∫ ⟨

q + y
2
∣∣ ÂB̂

∣∣q− y
2
⟩

e−ipy/ℏ dy = A(q, p) ⋆ B(q, p).

The star product:

A ⋆ B ≡ Ae iℏ
2
←→
Λ B

where
←→
Λ =

←−
∂ q
−→
∂ p −

←−
∂ p
−→
∂ q

Expansion in ℏ:

= AB +
iℏ
2 A←→Λ B− ℏ2

8 A←→Λ 2B + O(ℏ3)

Craig C. Martens University of California, Irvine Zombie Cats 11 / 35
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Commutator and Moyal Bracket

Weyl symbol of commutator [Â, B̂ ]:

A ⋆ B− B ⋆ A = 2iA sin

(
ℏ
2
←→
Λ

)
B ≡ iℏ{{A,B}}.

This defines the Moyal bracket:

{{A,B}} ≡ 1
iℏ(A ⋆ B− B ⋆ A).

or

{{A,B}} = 2
ℏ

A sin

(
ℏ
2
←→
Λ

)
B = {A,B}+ O(ℏ2).

Poisson bracket plus higher order terms in ℏ

Craig C. Martens University of California, Irvine Zombie Cats 12 / 35



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Liouville Equation in Wigner-Moyal Representation

Quantum Liouville equation

iℏdρ̂
dt = [Ĥ, ρ̂] = Ĥρ̂− ρ̂Ĥ.

Moyal equation
∂ρ

∂t = {{H, ρ}} = 2
ℏ

H sin
(
ℏ
2
←→
Λ
)
ρ.

Moyal series (for H = T + V )
∂ρ

∂t = {H, ρ} − ℏ2

24V ′′′(q)∂
3ρ

∂p 3 + · · ·

Classical Liouville equation plus higher order terms
Craig C. Martens University of California, Irvine Zombie Cats 13 / 35
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Quantum-Classical (Semiclassical) Liouville Equation

Quantum Liouville equation

iℏdρ̂
dt = [Ĥ, ρ̂ ]

Two electronic states (diabatic representation)

Ĥ =

(
Ĥ11 V̂
V̂ Ĥ22

)
ρ̂ =

(
ρ̂11 ρ̂12
ρ̂21 ρ̂22

)

Craig C. Martens University of California, Irvine Zombie Cats 14 / 35



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Quantum-Classical Liouville Equation (Martens et al. 1997)

∂ρ11
∂t = {H11, ρ11}︸ ︷︷ ︸

classical dynamics

+ {V,Re ρ12}︸ ︷︷ ︸
nonclassical dynamics

− 2V
ℏ

Im ρ12︸ ︷︷ ︸
sink/source term

∂ρ22
∂t = {H22, ρ22}︸ ︷︷ ︸

classical dynamics

+ {V,Re ρ12}︸ ︷︷ ︸
nonclassical dynamics

+
2V
ℏ

Im ρ12︸ ︷︷ ︸
sink/source term

∂ρ12
∂t = {H0, ρ12} − iωρ12︸ ︷︷ ︸

generalized classical dynamics

+
1
2{V, ρ11 + ρ22}︸ ︷︷ ︸

nonclassical dynamics

+
i
ℏ

V (ρ11 − ρ22)︸ ︷︷ ︸
coherence generation

Ho = (H11 + H22)/2 ω = (H11 − H22)/ℏ

Craig C. Martens University of California, Irvine Zombie Cats 15 / 35
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Quantum Coherence

Focus on the evolution of coherence:

iℏdρ̂12
dt = Ĥ1ρ̂12 − ρ̂12Ĥ2

The Moyal equation becomes

∂ρ12
∂t = {Ho, ρ12} − iωρ12 +

iℏ2ω′′

8
∂ 2ρ12
∂p 2 + · · ·︸ ︷︷ ︸

higher order Moyal terms

Craig C. Martens University of California, Irvine Zombie Cats 16 / 35
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Harmonic Potentials

For harmonic systems the series terminates:
∂ρ12
∂t = {Ho, ρ12} − iωρ12 +

iℏ2 ω′′

8
∂ 2ρ12
∂p 2

Ho = (H1 + H2)/2 ω = (U1 − U2)/ℏ

Ωo =
√

(Ω2
1 +Ω2

2)/2 ω′′ = m(Ω2
1 − Ω2

2)/ℏ

The semiclassical limit:
∂ρ12
∂t ≃ {Ho, ρ12} − iωρ12

Note: coherence between two harmonic systems is not
“classical” unless the frequencies are equal

Craig C. Martens University of California, Irvine Zombie Cats 17 / 35
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Exact Solution: Phase Space Thawed Gaussian

The harmonic system is exactly soluble

∂ρ12
∂t = {Ho, ρ12} − iωρ12 +

iℏ2ω′′

8
∂ 2ρ12
∂p 2

Thawed phase space Gaussian ansatz:

ρ12(q, p) = exp[−a (q− Q)2 − b (p− P)2 + c (q− Q)(p− P)
+u (q− Q) + v (p− P) + w ]

A closed set of ODE’s for (a, b, c,Q,P, u, v,w) result

Craig C. Martens University of California, Irvine Zombie Cats 18 / 35
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The “Classical” Phase Space

Moyal term couples (Q,P ) and (u, v ) subsystems

Q̇ =
P
m

Ṗ = −Uo
′(Q)︸ ︷︷ ︸

Ωo

− iℏ2

4 ω′′v︸ ︷︷ ︸
Moyal

u̇ = −iω′(Q) + Uo
′′v

v̇ = − 1
mu

Craig C. Martens University of California, Irvine Zombie Cats 19 / 35
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Analytic Solution

Complex phase space transformation

ξ1 = Q +
i ℏ
2 v

η1 = P− i ℏ
2 u

ξ2 = Q− i ℏ
2 v

η2 = P +
i ℏ
2 u

−→

ξ̇1 =
η1
m

η̇1 = −U1
′(ξ)

ξ̇2 =
η2
m

η̇2 = −U2
′(ξ).

Classical dynamics on the individual surfaces!

Craig C. Martens University of California, Irvine Zombie Cats 20 / 35
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The mechanical frequencies Ω1 and Ω2 reappear!

Q and P are superpositions of
two independent classical motions

ξ1 → Q1

ξ2 → Q2

η1 → P1

η1 → P1

Q =
1
2(Q1 + Q2)

P =
1
2(P1 + P2)

u =
i (P1 − P2)

ℏ

v = − i (Q1 − Q2)

ℏ

(Qj,Pj) simple harmonic motion on j th state

Craig C. Martens University of California, Irvine Zombie Cats 21 / 35
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Semiclassical limit solution

In the semiclassical limit:

∂ρ12
∂t = {Ho, ρ12} − iωρ12

(Q,P) and (u, v) almost uncouple

Q̇ =
P
m

Ṗ = −Uo
′(Q)

Harmonic motion
with single frequency Ωo

u̇ = Uo
′′v− iω′(Q(t))

v̇ = − 1
mu

Resonantly driven
harmonic motion
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Spurious semiclassical decoherence

In the semiclassical limit:

u (t) = iω′′R(0)
4Ωo

(sin(Ωot)− 2Ωot cos(Ωot))

v (t) = iω′′R(0)
4mΩ2o

(3 cos(Ωot)− 3 + 2Ωot sin(Ωot))

Secular terms in (u, v) lead to
spurious decoherence of ρ12

Craig C. Martens University of California, Irvine Zombie Cats 23 / 35



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Exact Moyal and semiclassical trace

500 1000 1500 2000

- 1.0

- 0.5

0.5

1.0
Moyal Re Tr ρ12

t (au)

500 1000 1500 2000

- 0.4

- 0.2

0.2

0.4
semiclassical Re Tr ρ12

t (au)
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Exact Moyal: Schrödinger’s Cats are Alive and Dead

ρ   =       
12

         e
i φ

Multiple paths—independent evolution
of live and dead cats

U

U

1

2

exact (Moyal)
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Semiclassical ZOMBIE CATS

ρ   =       
12

e
i φSC SC

Single path evolution on average potential
—neither alive nor dead!

e
i φ

Uo

semiclassical

SC
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Experimental Evidence for ZOMBIES?

0.00 0.05 0.10 0.15

0.00

0.02

0.04

0.06

0.08
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0.14

Frequency [au ]
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0.00 0.05 0.10 0.15
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0.5

Frequency [au ]
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Moyal

Semiclassical

spacing = Ω

spacing = Ωo

2

correct

wrong!

Model system

Ω1 = 0.01 Ω2 = 0.004

U

U

1

2

(To obtain semiclassical spectrum,
further approximation: linearize

difference potential!)
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Motivation and Future Work

The semiclassical coherence has issues:

∂ρ12
∂t = {Ho, ρ12} − iωρ12

Incorrect mechanical frequencies

Spurious decoherence
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Motivation and Future Work

The first Moyal correction solves these
problems (for harmonic systems)

∂ρ12
∂t = {Ho, ρ12} − iωρ12 +

iℏ2ω′′

8
∂ 2ρ12
∂p 2

Future work:

Approximations to Moyal term
in trajectory-based methods
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Motivation and Future Work

Surface Hopping Methodology

Improve absolute accuracy of individual trajectory phases
More accurate overall fidelity of ensemble coherence

12

ρ
11

ρ

22
ρ

q

p
q

q

p

p
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Even Farther Down the Road

Ehrenfest dynamics: A zombie apocalypse
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Motivation and Future Work

Moyal correction: Vaccine against quantum zombies?
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