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Nonadiabatic Dynamics
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> Nonadiabatic dynamics methods (not a complete list): 2500 - iy ik 1.471.0

DVR, MCTDH, DMRG, HEOM, DEOM, SSE, AIMS, MQCL, QTMF, CTMQC, EMF, TSH, SCDM, MM, NAF, MASH, DCC ...

Quantum dynamics has intrinsic “curse of dimensionality”
Different methods have different advantages and limitations
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Quantum Description of Nonadiabatic Dynamics

Direct product state |¥)=|x)|w)=|x)(w|1)+w]|2))

Classical
| > limit 5|l//>

= (T, +H,)|¥) —) —

H,|v)

1
Time-dependent propagation ¢ =— { thv -d”, } Y

Entangled state |¥)=|7,)|1)+|1,)|2)
decay with time 12)

p=|¥) (¥ _,(,:Trn[p]:(mz» (zzlmj

(nlz) (0l

| 22)
branching

kD
Quantum decoherence 6 =— { zhzv -d, } (o] 1)

Branching and decoherence are essential for nonadiabatic dynamics
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Mixed Quantum-Classical Dynamics (MQCD)

Ehrenfest Mean Field Fewest Switches Surface Hopping
(FSSH)

Electron . 2 Electron . A

evolution ihd, |¢> = H, |¢> evolution iho, W) =M, W)

Nuclear ¢ — Vv b 1 Nuclear ¢ v I
dynamics m” x” o « <’Q/}| e |1/ > dynamics m(\’ x(} - o <¢/\ | e |¢/\>
Average _ 25 Hopping = —b,,

surface Lol Zzl Wil E probabilities &7 max (0,-b;At /0y
Ehrenfest, Z. Physik 45, 455 (1927) Tully, J. Chem. Phys. 93, 1061 (1990)

EMF trajectory is deterministic, while FSSH ensemble has branching
More robust theoretical framework for MQCD is still needed
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Main Research Interests
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Detailed Complementary Consistency for MQCD
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B Statistical Interpretation of MQCD
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Quantum Dynamics

Statistical interpretation of quantum mechanics

The quantity |W|? has an important physical interpretation:
It is related to the probability that a system can be found
in a particular region of space

- Quantum dynamics MQCD

S "
desct:;:)(:ion |l//> P = |V/> <W| ?

Statistical . _
intefplrsetl:téilon £ = |<Z|W> F = p, ?

Expectation .
value of an <0> = <l,y
observable

Olw) (0)=1r(p0) ?

Equation of 5|W> 1 ~ op lrp s
motion Ey :i_hH ‘//> E—i—h[f],p] ?

Born, Science 122, 675 (1955); Physics in My Generation, Springer (1969)
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Mixed Quantum-Classical Liouville (MQCL)

N

State description o (R,P)
Statistical
interpretation £ = j I Pi (R P)dRdp
Expectation value of AN\ AW AW
an observable <O> B Tr(_”p 0 deP)

P

W
Equation of motion op; (R, P) 1 w w
/ —E(Ef(R)—Ej(R))pU —— V0,

ot
_%;(EZ Pplq +VP10;A F7 )+ZJ\PJ ( ’I;d"Y d’kpg/)

k

It is still challenging to solve the MQCL equation efficiently

Kapral and Ciccotti, J. Chem. Phys. 110, 8919 (1999)
Subotnik, Ouyang, and Landry, J. Chem. Phys. 139, 214107 (2013)
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Statistical Interpretation of MQCD

I T

State description {| v, > R ,P,A }

P (Rt =—— > [(ilw, ) SR~ R,(0)

traj 7=l

oy (Rt =— (i, O)(w, ] ) SR~ R, 1)

Statistical Interpretation ,
traj 71=1

:0,',' (Rst) = _25,',}L”(f)5(1e - Rn (t))

traj n=l

L. Wang* et al., J. Phys. Chem. Lett. 15, 6771 (2024)
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Statistical Interpretation of MQCD

e
prop;unction limit conditions

9atio,, —)

‘ R
- - classical @ - -
classical motion n classical motion

n n> n n n> n

N "

(0)=1r([p*0dr) {0)=2[pr0,dR

Expectation value of an

observable W 1 Yo A \ as ALY
<0> f :N_ZTr( prOR,)) <0> =N—ZOM (R)
traj 7 traj 7
Olv.) _ 1, :
P i_hHe(R’7)|l//>+% A ()= A (t+dt)
Equation of motion P JR i
d; ==V,:E,(R)+Y dtn :Ma

L. Wang* et al., J. Phys. Chem. Lett. 15, 6771 (2024)
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Principle of Detailed Internal Consistency

Basic requirement of consistency at the ensemble level: p." (R,?) = p2’(R,1)

N "

State description {| v,).R,,P, ﬂn}
Statistical R :
interaplrsetlac:ilon py(R,1) = Taj ; <l | Y (t)> <l//n (t)| ]> O(R—R, (1)
Expectation value of v 1 .
R (0)= 52T (W) lO,)
0 1 -
) _ —HR)W)+X () >4 (t+dr)
: : ot in
Equation of motion
dP dR,

1
Lo o vV E(R)+ =—
dt EiR)+Y da M

The wave and particle descriptions
should yield identical results at any place and any time

L. Wang* et al., J. Phys. Chem. Lett. 15, 6771 (2024)
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B Detailed Complementary Consistency
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Detailed Complementary Consistency (DCC) Method

2

v)=12) | )
= lw)=[1) P,I,:>(RJ) W)=
P = ok _

The population distributions are difficult to calculate; There are many possible solutions

1. Local trajectory density calculation: consistency is associated with pathway

c ) ~ athway Il
N =Y 0(~x,-x, |2)®(&—cos<e>%u, P Y
= Ip, II-1Ip,; |l
1, x=>0 n,as ,-n | plnl‘as _ plnl.wf|
@(X) = { LPi = ~ .1 2, = , - pathway 1]
0, x < O Z} N] \/plﬂl,\\f(l_plﬂl.wt ) /\/Z/Nln p
1
2. Hypothesis testing: z-test, y2-test x,.//'v Pn
' «—2 %
3. Consistent correction: p, =p; NPl 0P ‘A//:'\o;_>
. . pji ii p,:,- - |p ‘ pg/ pathway I \ v
U

If each trajectory is consistent, the trajectory ensemble becomes consistent

L. Wang* et al., J. Phys. Chem. Lett. 15, 6771 (2024)




Step-by-Step Algorithms of DCC

Propagation Surface hopping

Initialization

Wave function tells particle how to hop
Particle tells wave function how to collapse

'\ﬁ/ —_
e VAT

Wavefunction collapse

Inconsistent

s G
(<

( e

Neighbor counting

Hypothesis testing

DCC naturally gives surface hopping and trajectory branching
DCC also properly describes coherence and decoherence

L. Wang* et al., J. Phys. Chem. Lett. 15, 6771 (2024)
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One-Dimensional Tully Scattering Models

1.00 T T T T 0.80 T T T T
SAC model :‘ DAC model

Trans. Upper
Trans. Upper

1b 1'5 2'0 2'5 30 ' 40 50
k [au] k [au]
0.25 0.75 ' '
ECR model O DR ECR model

0.20 _ 0.60 | &— FSSH-wf
o 3 FSSH-as
g 0.15 39- 045 —e—DCC-wf
_! @ DCC-as
= 0.10 c 030}
& g

»ms - e

10 20 30 40 5 10 15 20 25 30 35 40
k [au] k [au]

Active states and wave functions give identical and accurate results

Tully, J. Chem. Phys. 93, 1061 (1990)
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Two-Dimensional Representative Scattering Models

Start from GS Start from ES

0.12 r ,
o
W 0.08} —0— FSSH-wf ]
2+4*8*13 = 832 5 rost-as
Neiniidet: 8 oo8f —&—DCC-wf
initial conditions P DCC-as
Q.
o]
j o 0.02p0-0-0-0-0
o000 o000
1 1 L 1 L 0.0D L L L L L
18 20 22 24 26 28 8 10 12 14 16 18 20
k [au] k [au]
0.12 . 0.12 ’
+ 0.10 « 010} 4
£ 2*3*6*13 = 468 £
L 0.08 e - w 0.08} i
c initial conditions c
LQo.06} © 0.06} /r.‘—._.—o—*“’j
e wid
o) 5
= L - ]
8_0.04 2 0.04 |/
O/
Q- 0.02 o~ ~o-O—O-n-04 O 002} o o0 000
C—C—~Vv v i 4 A0
0.00 | : . : : L 0.00 : . L L .
8 0 12 14 16 18 20 4 6 8 10 12 14 16
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Active states and wave functions give identical and accurate results

Shenvi, Subotnik et al., J. Chem. Phys. 135, 024101 (2011); J. Phys. Chem. A 115, 12083 (2011)
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One-Dimensional Bound-State Models

1 1 >
Hamiltonian Hll(x)ZEk(R_Rl)2 sz(x)zgk(R_Rz)z"‘A Hu(x):HZI(x):be*a(Rng)
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= Q
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4 -2 0 2 4 6 8 10 0 45 90 135 180 0 45 90 135 180
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04 1 S o020 0.20
3 g sﬁﬁﬁ__\’ c FSSH
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[ [e] <
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01k 1P 05 FSSH-as 0.05 e
0.00 0.00
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Agostini et al., J. Chem. Theory Comput. 17, 5969 (2021); J. Chem. Phys. 160, 054102 (2024)
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One-Dimensional Bound-State Models

Exact vs CT-MQC Exact vs FS-TSH(-EDC) Exact vs FS/LZ-CT-TSH 0.16
T T T T T T T T T T T T
03 - exact -1 exact 1 exact m 0.1z |l recoherence
1000 traj, ——— FS-TSH —— FS-CT-TSH ——
E-ordered 10 x 100 traj, ——— FS-TSH-EDC LZ-CT-TSH 5
0.2 |- T-ordered 10 x 100 traj. - - . O 0.08
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0.04 -
01 -
e 0
0 : T T T L QD
0.3 - 1 0.3 ',’I\ TSH pure
@ | TSHEDC pure ——
2 ( RN CTTSH pure
@ —
@ 01 - 01 4
7]
0 : 0
0.3 - -
' ' TSH mixed
031 TSHEDC mixed
0.2 - = _ CTTSH mixed
i E 0.2 T 1
0.1 — A - & ——
\ 01r 4
0 I I Wi | l ; !
0 30 60 90 120 150 180 30 60 90 120 150 180 30 60 90 120 150 180 0 0 45 E;D 1‘35 T80
time (fs) time (fs) time (fs) t/fs

Coherence and recoherence are much more difficult to describe
DCC outperforms all other investigated methods in these models

Agostini et al., J. Chem. Theory Comput. 17, 5969 (2021); J. Chem. Phys. 160, 054102 (2024)
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Three-Mode Pyrazine Model

. . A E 0 - R 1 0 0 A (1) R @ R
Hamiltonian #-=|"" + Y ﬂ(piuer) . R, +| %@ 0 R+ S 07 3
0 Eg i~10a6a1 2 0 1 A 0 ‘ 0 x } 0 Kl(“)

6a

nonlocal e-ph coupling local e-ph couplings
1.0 T
Exact
0.8 Start from ES — FSSH
&
= 0.6}
L
2
) 0.4}
o
0.2
0.0 . . . A
0 100 200 300 400 500

pyrazine
Time [fs]

DCC gives correct long-time dynamics and equilibrium populations

Schneider and Domcke, Chem. Phys. Lett. 150, 235 (1988)
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B Some Related Method Developments
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Coherence

1. Consistent Analysis of Independent Trajectories

12 ,O;;Vf (R,1)

Density matrix: 2 (R.1) =|p5 (R,0)| exp(i6° (R, 1)) = ( o2 (R.0 T (R.1)) Py R
RS
Reduced density matrix: o, (¢) = I Py (R, t)dR
0.4 r T 0.4 r T
e DVR e FSSH-cc
osl e CT-MQC ——BCSH-cc 1 osl ECR model .
"I k,=10au = =FSSH-wf "I ko=30au
-~ BCSH-wf -
0.2F 4 02} \
> ° \.:"‘vﬂ
0.1} ' { oaf b
0.0 -l =ec=g 0.0
0 1500 3000 2500 0 200 800 1200
t [au] t [au]

Landry, Falk, and Subotnik, J. Chem. Phys. 139, 211101 (2024)
Agostini, Min, Abedi, and Gross, J. Chem. Theory Comput. 12, 2127 (2016)
L. Wang* et al., J. Chem. Theory Comput. 20, 2349 (2024)

L. Wang* et al., J. Chem. Phys. 150, 164101 (2019)




Time Dependence and Spatial Distribution of Density Matrix

20 t=1000 au
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Energy [au]
0.35

0.30
0.25
0.20
0.15
0.10
0.05
-0.00

-0.05

iy t=1850 au

0 10
X [au]

x [au]

Energy [au]
0.04

Population Density

t =2300 au

20 . .
Population Density

0
X [au]

Subotnik, J. Phys. Chem. A 115, 12083 (2011)
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Time Dependence and Spatial Distribution of Density Matrix

Coherence Distribution

10 T T 10 r v 10 r v 10 T r 10 T r
(A) DVR (B) FSSH-wf (C) BCSH-wf (D) FSSH-cc (E) BCSH-cc 0.008
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0.004
5 op = 10 A% 10p 10 ( 10 \ E
& Wy LN Wy M \\\\\
\ \ i ;
5 5| s} 5 5 ' ] -0.004
5 0 5 -5 0 5 -5 0 5 -5 0 5 -5 0 5 0008
Coherence Distribution
P) DVR Q) FSSH-wf (R) BCSH-wf (S) FSSH-cc (T BCSH-cc 0.008
15F 4 o 15} 15} 15 { 15 1
t =2300 au
S
S, 0.000
> 10 10} 10} 10 A\ { 10 1
ot AN A\ N
1T S S Db W
5 + L 5 - - 5 + + 5 + . 5 + + -0.008
5 0 5 0 -5 0 5 0 -5 0
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L. Wang* et al., J. Chem. Theory Comput. 20, 2349 (2024)
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3. Sign-Consistent Coupled-Trajectory SH (SC-CTSH)

T(R.r.0)= xRN0, (r./) Exact factorization Dy (r.0) =Y C(R.OGL(L.0) CT-MQC
2 (1) (1) (1) (1) (1)
A —ihV, +A (R,? G (r):(]Ell(f)+('i,}CF(t) P1 ( ) P1 Eh( )+P1 XF( )
i ptpn - S B e T
/ i n=—Ltarer -y 32l an e
.
zh—(D (1) = B R)+U, —¢(R.1) |y (r.1) P ( Zp,, (1)V, & Zp‘” (" -2 )al
(D (r.1) =iV, Dy (r.0)), én oo Q (1) (o n :
( ) :( ) ( ): ( ZP({Z hM()(f”)() f( ())}(i()
€(R.1) = (D (£.1)| Hyo (. R)+ U, = 08, [ @y (£.1)), '
) . 7 7 ZQE/H l I 7 I
L (oA R -3 rg},;,{27().@;,_;(r)_f;_,)(f))}f;g(f)
l]"'”:ZM 2 — v 1 v
S &) Quantum momentum
—ihV, ¥ (R, _ J Si
+ —— = A (R |(—ihY, —A(R.D) ; ol A ign
z(R.1) R0 (- = )] Qi}(f):—h(vv Z()(f)‘ )/(2 77(1) ) consistency
A 4
(7
CTSH: P"()=-v,s" SC-CTSH: (% (1)=- 1) {ZQW( (52 )—fiﬂ}(r))}cf”-ﬂ‘”(r)

CT-MQC: Min, Agostini, and Gross, Phys. Rev. Lett. 115, 073001 (2015)
CTSH: Pieroni and Agostini, J. Chem. Theory Comput. 17, 5969 (2021)
SC-CTSH: L. Wang* et al., J. Chem. Phys. 162, 164103 (2025)
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Quantum Momentum by SC-CTSH

CT-MQC , SC-CTSH
(1] 3 1] 3 (1] 8
. Exact
:> 2 2 2
'\ — t=1200 au
= 4 -4 -4 e
® g 8 7 6 5 -4 -3
CTSH g 3 3 3 T T T T
= 2F 2F 2L
c
/ o 1F 1t 1t
g ok ok 0f
. = i -1 -1
:b g
i \ ""«‘ 37 2 2} t=1800 au
c 3 . L d 3 ) . . : .
© 2 0 2 4 6
S 40 r T T 40 3 r v T T T T
g
SC-CTSH 30f / {30 2¢
/ 20} ¢ 20 i /
ok
10} o { 10} Al
= 0F C— 4 0OF 1 3
= Sl ~+ — 417 — 4!
A 505 10 15 20 250 -5 0 5 10 15 20 2510 5 0 5 10 15 20 25
R [au] R [au] R [au]

SC-CTSH gives the correct quantum momentum and decoherence
L. Wang* et al., J. Chem. Phys. 162, 164103 (2025)
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Performance of SC-CTSH

Refl. Upper

Refl. Lower

2026/9/22

0.02

0.01}

0.00

0.15

010

0.05f

0.00

DAC model
r r 0.8
O DVR
—e—CTSH -4
—e—SC-CTSH | &
E w 04}
o
i
= 0.2}
0.0 ==
10 20 30 40 50

1.2

30 40 50

Trans. Lower

20 30 40
k [au]

10

30 40 50

Population

o
2

o
o

0.3

o
N

Coherence
4

0.0

I
»
T

o
w
T

o
N
T

ECR model

0 1000

0 1000

2000 3000

t [au]

4000

e DVR

e CTSH
~——SC-CTSH |

2000 3000

t [au]

4000

SC-CTSH gives correct channel populations and coherence

L. Wang* et al., J. Chem. Phys. 162, 164103 (2025)



4. Time-Dependent Variation with Trajectory Basis

v'Nuclear tunneling oy "

v Zero-point energy Initial condition:

v H ~ ~ eq ~
Quantum interference 2., (0)=p® p (0)

2

dz..
ed init
pb _J‘ ﬂ_M |Zinit>pl> (Zmit)<zmit|

_ - 2_m m mn m
- H _" d Zinit | Zinit >pb (Zjnit ) (Zim'r |

m=l

e’ —1 ef[(Re(:-L”ﬂ’n)+§¥)2+(hn(:$;.)+’§_v R e

Configuration:
|l//(f)> = | ¢syslem(t))| Zbalh (f)>

|z st (r)) = ﬁ| z" (f))

Py (Zig) =

['¥0 () =[2.)(1]1)+0[2))

¢

174 Mo omy aom o m N i
<*|Z>:(%] exp{_%(x_qm)zﬂp (xh g )+zp2;1 } |‘I’(t:O)>:j1|zj>(a§_1)|1)+aff~) 2))
MCEv1:

N

|‘I’(z)>=i|l//j(t)>=iZa;S)(t)|zj(t)>|s> :> Zih<z,|zj>d§.”=iz<z,|I—A]SS,|zj>aﬁ.s')—iih<zl|z'j>a§”

7=l J

A proper trajectory basis is important for time-dependent variation

Martinez, Ben-Nun, and Levine, J. Phys. Chem. 100, 7884 (1996)
Shalashilin, J. Chem. Phys. 130, 244101 (2009)
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Multiconfigurational Surface Hopping (MCSH)

N N 0 N N
[#@) =3, ) =X Ta 0z, 0)ls) G0 S e |2 )iy =X 3 (517112 Yo - |2,
=il Jj=1 s :> d s' J=1

J v L I ]i

i1 5 : 7\3 .
_(_); I)NHJ Z; = (_)M(I.\'H.U/ +_(_); 1’.\'/—/.\/
2;/ : :

MQCD trajectories
h 2 h 2y

pSH.j = _quH__, E, qSH.] = Dsu :

Surface hopping trajectories cannot be directly used because momenta are discontinuous

1
v
Z‘/ - (E); (l.\'H,/ +

I::> : p(1)— p(t—dr)
p interpolation =

? Return to di
time t - dt
i _a=q(=dn
7 interpolation d /
Surface hop Linear interpolation
at time ¢ during [t - dt, f]

Linear interpolation generates continuous trajectories and can be used for time variation

Time-dependent variation with momentum-jump trajectories

L. Wang* et al., J. Chem. Theory Comput. 20, 7755 (2024)
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Spin-Boson Models at Low Temperatures

Hamiltonian Ohmic spectral density
~ J St 1 T -0l o,
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M m ~ . n g - .
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m 2 " ol 2 eq
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e NMCSH

05l 1d

-1.0 L . . v 0.6
0

MCSH consistently shows high performance
and makes significant improvements compared with FSSH
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Summary

Quantum Dynamics

Time-dependent variation
with trajectory basis
MCSH, MCE-HEOM

Branching with
auxiliary trajectories
A-BCMF, A-BCSH

Branching with
independent trajectories
BCMF, BCSH

Time-dependent self-
consistent field approximation
EMF, FSSH

Classical path approximation
CPA

» The principle of detailed internal consistency
has been proposed as the fundamental principle
(or basic relation) for mixed quantum-classical
dynamics, which is purely due to logical
consistency p"'(R,t) = p*(R,?)

> A series of methods have been proposed based
on the detailed internal consistency, ranging
from independent-trajectory, auxiliary-trajectory
and coupled-trajectory frameworks

» MCSH can efficiently realize multiconfigurational
variational dynamics based on different kinds of
surface hopping-like trajectories

» DCC achieves accurate population, coherence
and detailed balance, and is promising to be
combined with MCSH to study complex systems
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