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Unimolecular reactions ~ 1950s
Hinshelwood-Lindemann-Marcus 
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Model Hamiltonian
D L Bunker, J. Chem. Phys. (1962)

H(p, q) =
3

∑
k=1

[ 1
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G(0)
kk p2

k + Vk(qk)]+
3

∑
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G(0)
kl pkpl

Zeroth-order Hamiltonian 

Integrable

Coupling  

 ; Non-integrableϵ ≠ 0

Below is an abridged version of Bunker’s table which is also shown in Oxtoby & Rice’s paper.

Seems like whenever a light atom is involved one has non-RRKM behavior. Model 8C looks like 

an exception but Oxtoby & Rice predict that it is very close to being RRKM.
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r 'FIG. 4. Lifetime distributions for Models (10) and (S). Dashed 
lines represent random distributions. Time subdivisions are 
2X 10-14 sec wide. 

These models conform to the random lifetime as-
sumption. Energies (kcal) and ranges of r (sec) for 
which this was tested were as follows: Model (2) with 
Trot = 0: 90, 80, 70, 67.5, 65, 62.5, all to 2X10-13. 
Model (3) with Trot=O: 80, 70, 67.5, 65, 62.5, all to 
2XlO-13 j Model (3) with Trot = 900: 70, 67.5, 65, all 
to 2.5X10-13. Model (6) with Trot = 0: 30, 29, 28, 27, 
26,25, all to 5X10-13 j Model (6) with Trot=373: 28, 
27, 26, all to 4X 10-13. For economic reasons, only the 
intercept and not the shape of n(r) could be obtained 
for Model (3) with Trot =300 (energies 70, 67.5, 65, 
62.5), Model (3) with Trot = 900 (62.5), and Model 
(6) with Trot=373 (25). 

One concludes that, aside from the possible difficulty 
of predicting the activity of rotation, these models are 
well described by the classical limit of the RRKM 
theory. 

Fictitious models with random lifetime distributions. 
Model (7) was used to test the effect of vibrational 
degeneracy on rate behavior. Force constants and 
masses were adjusted so that bending and symmetric 
stretching frequencies were exactly equal and the 
asymmetric stretching frequency exactly twice as 
large. The model thus has at small amplitudes only one 
linearly independent frequency. The result shown in 
Table III indicates that this makes no difference 
whateverj the behavior of the model is as though there 
were three independent frequencies. The model showed 
random lifetime distributions to r= 2.6X 10-13 at 
E= 70, 67.5, 65 j only the intercept was determined 
at E= 62.5. For this model Trot was 300oK. 

Model (9) is badly behaved in some way not yet 
understood. It is like Model (7) except that both bonds 
have been made slightly anharmonic after the fashion 

of the N-O bond in Model (2). The lifetime distribu-
tions display slight anomalies of the type found more 
prominently in the next group of models to be described. 
Unlike them, however, Model (9) does not have nCr) 
intercepts which conform to Eq. (7) with a reasonable 
value of n. The results for E= 70 and 67.5, along with 
failure to find a dissociation in 900 tries at E= 65, 
suggest nro.../4. Model (9) will also turn out to be the 
only one not described by the theory of Sec. 2 of this 
paper. 

Model (11) is one with a "loose" activated complex. 
It is like Model (6) except that the bending force 
constant Fa has been replaced by 

Fa[1-!( 1 rl-1.278 1 + 1 r2-1.278 1 )]. (9) 

The effect of this is to decrease the original Fa by a 
factor of about 15 when one of the bonds is stretched 
from its equilibrium to its critical length. Since the 
RRKM theory takes account of this kind of situation, 
one expects k"'(RRKM) and ii to diverge, and the 
relation between kco(RRKM) and kco(computed) ex-
emplified by Table II to be preserved. Table III 
shows that this is true. One might suspect the rota-
tion of having become somewhat more active (Trot = 
373°K), because the activated complex can now become 
more nearly linear and hence have a larger moment of 
inertia increase than before. 

Model (11) had random lifetime distributions to 
r=4X10-13 at E=30, 28, 27, 26j at E=25 only the 
intercept was obtained. 

Models (7) and (11) thus support the RRKM 
theory, while Model (9) has anomalous properties of 
some kind. 
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FIG. 5. Lifetime distributions for Models (SA) and (SD). 
Dashed lines represent random distributions. Time subdivisions 
are 5XlO-14 sec wide, except (SD) 70 and 75 kcal, 2.5XlO-14 sec. 

Downloaded 06 Aug 2013 to 203.200.35.11. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions

                        
Ok, so what Bunker did was to look at the lifetime distributions for the various models involv-
ing triatomic molecules and infer the nature of the dynamics - statistical or not. By `lifetime’ 

here one means the time required for the critical oscillator or bond (one with the lowest disso-
ciation energy) to break. So, the distribution is obtained by determining the times required for 

a random selection of initial conditions, at the energy of interest, to decompose. Thus, imagine 

the following unimolecular mechanism involving an energized molecule A* decomposing into 

products via a transition state:

If A* has an energy E* then the intrinsic rate constant for the decomposition of A* as

with ν being the frequency with which the TS passes to products is the RRKM approximation. 

The factor of half is to make sure that one counts only the ``forward” moving direction. Two 

assumptions are made in obtaining the above expression:

a. All internal molecular states of energy E* are accessible and ultimately lead to products.

b. IVR within A* is much faster than the unimolecular reaction timescale.

With these assumptions the A* will have a random lifetime distribution

Therefore, deviations from the above distribution signals deviations from RRKM and the rate 

constant becomes time-dependent. The lifetime distribution above then becomes more com-
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Fig. 1.7.: Left part shows the definition of the Bunker’s model, parameters, and the nature
of the dynamics. Right top is a pictorial representation of the triatomic molecule
of interest. Bottom right panels show the lifetime distribution results of Bunker
for model #8, a non-RRKM case.

ideally formulated for large molecules and includes the influence, in a self-consistent
way, of vibrational superexchange (dynamical tunneling). Thus, QET includes both
classical and quantum IVR pathways. The present thesis seeks to understand the
influence of the various classical phase space structures to the terms that are central
to QET - state space connectivity, local density of states, and the relevant anharmonic
resonances.

1.2.1 The Bunker models

About sixty years ago Don Bunker published a series of papers[2, 3] studying the
dynamical foundations of the RRKM theory. The systems treated were three degrees
of freedom models for triatomic molecules. The use of model potentials is best
rationalized in terms of Bunker’s own words

One of the best reasons for making a simple theoretical model of chemical behavior is
merely that it can be done. A recognizable physical assumption, leading by tractable
mathematics to definite predictions, provides a valuable guide, regardless of whether
most reactions conform to it.

16 Chapter 1 Introduction

Modes 1 and 2 (stretches) anharmonic (nonlinear); dissociation for E > Dlow 

Mode 3 (bending) is harmonic ; cannot dissociate

Vk(qk) = Dk [1 − e−αk(qk−q0
k )]

2

V3(q3) ∼ ω3(q3 − q0
3)2

NB: Inspired by Bunker’s model Hamiltonian Gij(q) → G(0)
ij



Question…
(necessary & sufficient)

H(p, q) =
3

∑
k=1

[ 1
2

G(0)
kk p2

k + Vk(qk)]+ ϵ
3

∑
k<l=1

G(0)
kl pk pl

Given Hamiltonian parameters,  
can one predict/estimate  εcrit for which RRKM valid?

Classical - Oxtoby and Rice, J. Chem. Phys. 65, 1676 (1976)

Quantum - Local Random Matrix Theory, Bose Statistics Triangle Rule:  
Logan, Wolynes, Leitner, Gruebele, …

ϵQM
crit ∼ ϵCM

crit ? [Tunnelling, coherence, entanglement,…]
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Specific Bunker model
Model #6 ~ ozone

# 
of

 tr
aj

ec
to

rie
s

1

102

104

Lifetime (in ps)
0 5 15 25 35

# 
of

 tr
aj

ec
to

rie
s

1

102

104

Lifetime (in ps)
0 5 15 25 35

a b

✏ = 0.1
<latexit sha1_base64="iHU+55tZM6fvIQlMi3XA1NXpIwY=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpbNdtIu3WzC7kYpof/DiwdFvPpfvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91iMqzWN5b8YJ+hEdSB5yRo2VHrqYaC5iSa6IW/V65YpbdWcgy8TLSQVy1Hvlr24/ZmmE0jBBte54bmL8jCrDmcBJqZtqTCgb0QF2LJU0Qu1ns6sn5MQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw0s+4TFKDks0XhakgJibTCEifK2RGjC2hTHF7K2FDqigzNqiSDcFbfHmZNM+qnk3s7rxSu87jKMIRHMMpeHABNbiFOjSAgYJneIU358l5cd6dj3lrwclnDuEPnM8f12+RaA==</latexit><latexit sha1_base64="iHU+55tZM6fvIQlMi3XA1NXpIwY=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpbNdtIu3WzC7kYpof/DiwdFvPpfvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91iMqzWN5b8YJ+hEdSB5yRo2VHrqYaC5iSa6IW/V65YpbdWcgy8TLSQVy1Hvlr24/ZmmE0jBBte54bmL8jCrDmcBJqZtqTCgb0QF2LJU0Qu1ns6sn5MQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw0s+4TFKDks0XhakgJibTCEifK2RGjC2hTHF7K2FDqigzNqiSDcFbfHmZNM+qnk3s7rxSu87jKMIRHMMpeHABNbiFOjSAgYJneIU358l5cd6dj3lrwclnDuEPnM8f12+RaA==</latexit><latexit sha1_base64="iHU+55tZM6fvIQlMi3XA1NXpIwY=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpbNdtIu3WzC7kYpof/DiwdFvPpfvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91iMqzWN5b8YJ+hEdSB5yRo2VHrqYaC5iSa6IW/V65YpbdWcgy8TLSQVy1Hvlr24/ZmmE0jBBte54bmL8jCrDmcBJqZtqTCgb0QF2LJU0Qu1ns6sn5MQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw0s+4TFKDks0XhakgJibTCEifK2RGjC2hTHF7K2FDqigzNqiSDcFbfHmZNM+qnk3s7rxSu87jKMIRHMMpeHABNbiFOjSAgYJneIU358l5cd6dj3lrwclnDuEPnM8f12+RaA==</latexit><latexit sha1_base64="iHU+55tZM6fvIQlMi3XA1NXpIwY=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpbNdtIu3WzC7kYpof/DiwdFvPpfvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91iMqzWN5b8YJ+hEdSB5yRo2VHrqYaC5iSa6IW/V65YpbdWcgy8TLSQVy1Hvlr24/ZmmE0jBBte54bmL8jCrDmcBJqZtqTCgb0QF2LJU0Qu1ns6sn5MQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw0s+4TFKDks0XhakgJibTCEifK2RGjC2hTHF7K2FDqigzNqiSDcFbfHmZNM+qnk3s7rxSu87jKMIRHMMpeHABNbiFOjSAgYJneIU358l5cd6dj3lrwclnDuEPnM8f12+RaA==</latexit>

✏ = 0.4
<latexit sha1_base64="2G1diAY6WGKK3GNiiptGcfuJDh8=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoPgadmV+DoIQS8eI5gHJGuYnXSSIbMzy8ysEpb8hxcPinj1X7z5N06SFaJoQUN1VTfdVBhzpo3nfTq5hcWl5ZX8amFtfWNzq7i9U9cyURRqVHKpmiHRwJmAmmGGQzNWQKKQQyMcXk38xj0ozaS4NaMYgoj0BesxSoyV7toQa8alwBfYc8udYsl3vSlse+z55ye+JZnybZVQhmqn+NHuSppEIAzlROuW78UmSIkyjHIYF9qJhpjQIelDy1JBItBBOv16jA+s0sU9qWwJg6fq/EZKIq1HUWgnI2IG+rc3Ef/yWonpnQUpE3FiQNDZoV7CsZF4EgHuMgXU8JElhCpmf8V0QBShxgZVmA/hf1I/cn3P9W/KpcplFkce7aF9dIh8dIoq6BpVUQ1RpNAjekYvzoPz5Lw6b7PRnJPt7KIfcN6/AP1PkYI=</latexit><latexit sha1_base64="2G1diAY6WGKK3GNiiptGcfuJDh8=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoPgadmV+DoIQS8eI5gHJGuYnXSSIbMzy8ysEpb8hxcPinj1X7z5N06SFaJoQUN1VTfdVBhzpo3nfTq5hcWl5ZX8amFtfWNzq7i9U9cyURRqVHKpmiHRwJmAmmGGQzNWQKKQQyMcXk38xj0ozaS4NaMYgoj0BesxSoyV7toQa8alwBfYc8udYsl3vSlse+z55ye+JZnybZVQhmqn+NHuSppEIAzlROuW78UmSIkyjHIYF9qJhpjQIelDy1JBItBBOv16jA+s0sU9qWwJg6fq/EZKIq1HUWgnI2IG+rc3Ef/yWonpnQUpE3FiQNDZoV7CsZF4EgHuMgXU8JElhCpmf8V0QBShxgZVmA/hf1I/cn3P9W/KpcplFkce7aF9dIh8dIoq6BpVUQ1RpNAjekYvzoPz5Lw6b7PRnJPt7KIfcN6/AP1PkYI=</latexit><latexit sha1_base64="2G1diAY6WGKK3GNiiptGcfuJDh8=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoPgadmV+DoIQS8eI5gHJGuYnXSSIbMzy8ysEpb8hxcPinj1X7z5N06SFaJoQUN1VTfdVBhzpo3nfTq5hcWl5ZX8amFtfWNzq7i9U9cyURRqVHKpmiHRwJmAmmGGQzNWQKKQQyMcXk38xj0ozaS4NaMYgoj0BesxSoyV7toQa8alwBfYc8udYsl3vSlse+z55ye+JZnybZVQhmqn+NHuSppEIAzlROuW78UmSIkyjHIYF9qJhpjQIelDy1JBItBBOv16jA+s0sU9qWwJg6fq/EZKIq1HUWgnI2IG+rc3Ef/yWonpnQUpE3FiQNDZoV7CsZF4EgHuMgXU8JElhCpmf8V0QBShxgZVmA/hf1I/cn3P9W/KpcplFkce7aF9dIh8dIoq6BpVUQ1RpNAjekYvzoPz5Lw6b7PRnJPt7KIfcN6/AP1PkYI=</latexit><latexit sha1_base64="2G1diAY6WGKK3GNiiptGcfuJDh8=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoPgadmV+DoIQS8eI5gHJGuYnXSSIbMzy8ysEpb8hxcPinj1X7z5N06SFaJoQUN1VTfdVBhzpo3nfTq5hcWl5ZX8amFtfWNzq7i9U9cyURRqVHKpmiHRwJmAmmGGQzNWQKKQQyMcXk38xj0ozaS4NaMYgoj0BesxSoyV7toQa8alwBfYc8udYsl3vSlse+z55ye+JZnybZVQhmqn+NHuSppEIAzlROuW78UmSIkyjHIYF9qJhpjQIelDy1JBItBBOv16jA+s0sU9qWwJg6fq/EZKIq1HUWgnI2IG+rc3Ef/yWonpnQUpE3FiQNDZoV7CsZF4EgHuMgXU8JElhCpmf8V0QBShxgZVmA/hf1I/cn3P9W/KpcplFkce7aF9dIh8dIoq6BpVUQ1RpNAjekYvzoPz5Lw6b7PRnJPt7KIfcN6/AP1PkYI=</latexit>

✏ = 1.0
<latexit sha1_base64="OreYcFECWMGMdec62kuXu5B5Y3Y=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgaclKwV6EohePFewHtGvJprNtaDa7JFmlLP0fXjwo4tX/4s1/Y7btwVofDDzem2FmXpAIrg0h305hbX1jc6u4XdrZ3ds/KB8etXScKgZNFotYdQKqQXAJTcONgE6igEaBgHYwvsn99iMozWN5byYJ+BEdSh5yRo2VHnqQaC5iia+w55J+uULcKsmBiVubE6svkwpaoNEvf/UGMUsjkIYJqnXXI4nxM6oMZwKmpV6qIaFsTIfQtVTSCLSfza6e4jOrDHAYK1vS4Jn6eyKjkdaTKLCdETUj/dfLxf+8bmrCmp9xmaQGJJsvClOBTYzzCPCAK2BGTCyhTHF7K2YjqigzNqiSDWHl5VXSunA94np31Ur9ehFHEZ2gU3SOPHSJ6ugWNVATMaTQM3pFb86T8+K8Ox/z1oKzmDlGS3A+fwDqf5F1</latexit><latexit sha1_base64="OreYcFECWMGMdec62kuXu5B5Y3Y=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgaclKwV6EohePFewHtGvJprNtaDa7JFmlLP0fXjwo4tX/4s1/Y7btwVofDDzem2FmXpAIrg0h305hbX1jc6u4XdrZ3ds/KB8etXScKgZNFotYdQKqQXAJTcONgE6igEaBgHYwvsn99iMozWN5byYJ+BEdSh5yRo2VHnqQaC5iia+w55J+uULcKsmBiVubE6svkwpaoNEvf/UGMUsjkIYJqnXXI4nxM6oMZwKmpV6qIaFsTIfQtVTSCLSfza6e4jOrDHAYK1vS4Jn6eyKjkdaTKLCdETUj/dfLxf+8bmrCmp9xmaQGJJsvClOBTYzzCPCAK2BGTCyhTHF7K2YjqigzNqiSDWHl5VXSunA94np31Ur9ehFHEZ2gU3SOPHSJ6ugWNVATMaTQM3pFb86T8+K8Ox/z1oKzmDlGS3A+fwDqf5F1</latexit><latexit sha1_base64="OreYcFECWMGMdec62kuXu5B5Y3Y=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgaclKwV6EohePFewHtGvJprNtaDa7JFmlLP0fXjwo4tX/4s1/Y7btwVofDDzem2FmXpAIrg0h305hbX1jc6u4XdrZ3ds/KB8etXScKgZNFotYdQKqQXAJTcONgE6igEaBgHYwvsn99iMozWN5byYJ+BEdSh5yRo2VHnqQaC5iia+w55J+uULcKsmBiVubE6svkwpaoNEvf/UGMUsjkIYJqnXXI4nxM6oMZwKmpV6qIaFsTIfQtVTSCLSfza6e4jOrDHAYK1vS4Jn6eyKjkdaTKLCdETUj/dfLxf+8bmrCmp9xmaQGJJsvClOBTYzzCPCAK2BGTCyhTHF7K2YjqigzNqiSDWHl5VXSunA94np31Ur9ehFHEZ2gU3SOPHSJ6ugWNVATMaTQM3pFb86T8+K8Ox/z1oKzmDlGS3A+fwDqf5F1</latexit><latexit sha1_base64="OreYcFECWMGMdec62kuXu5B5Y3Y=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgaclKwV6EohePFewHtGvJprNtaDa7JFmlLP0fXjwo4tX/4s1/Y7btwVofDDzem2FmXpAIrg0h305hbX1jc6u4XdrZ3ds/KB8etXScKgZNFotYdQKqQXAJTcONgE6igEaBgHYwvsn99iMozWN5byYJ+BEdSh5yRo2VHnqQaC5iia+w55J+uULcKsmBiVubE6svkwpaoNEvf/UGMUsjkIYJqnXXI4nxM6oMZwKmpV6qIaFsTIfQtVTSCLSfza6e4jOrDHAYK1vS4Jn6eyKjkdaTKLCdETUj/dfLxf+8bmrCmp9xmaQGJJsvClOBTYzzCPCAK2BGTCyhTHF7K2YjqigzNqiSDWHl5VXSunA94np31Ur9ehFHEZ2gU3SOPHSJ6ugWNVATMaTQM3pFb86T8+K8Ox/z1oKzmDlGS3A+fwDqf5F1</latexit>lo

g e
 (S

ur
vi

va
l p

ro
ba

bi
lit

y)

0

−3

−6

−9

Time (in ps)
0 3 6 9

lo
g e

 (S
ur

vi
va

l p
ro

ba
bi

lit
y)

0

−3

−6

−9

Time (in ps)
0 3 6 9

c

lo
g

e 
{ N

(t
) /

 N
(0

) }

Time (ps)

0.1

1.0

ε = 0.4  
[non-statistical]

[~ 200000 trajectories, time ~ 40 ps]

# 
of

 tr
aj

ec
to

rie
s

1

102

104

Lifetime (in ps)
0 5 15 25 35

# 
of

 tr
aj

ec
to

rie
s

1

102

104

Lifetime (in ps)
0 5 15 25 35

a b

✏ = 0.1
<latexit sha1_base64="iHU+55tZM6fvIQlMi3XA1NXpIwY=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpbNdtIu3WzC7kYpof/DiwdFvPpfvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91iMqzWN5b8YJ+hEdSB5yRo2VHrqYaC5iSa6IW/V65YpbdWcgy8TLSQVy1Hvlr24/ZmmE0jBBte54bmL8jCrDmcBJqZtqTCgb0QF2LJU0Qu1ns6sn5MQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw0s+4TFKDks0XhakgJibTCEifK2RGjC2hTHF7K2FDqigzNqiSDcFbfHmZNM+qnk3s7rxSu87jKMIRHMMpeHABNbiFOjSAgYJneIU358l5cd6dj3lrwclnDuEPnM8f12+RaA==</latexit><latexit sha1_base64="iHU+55tZM6fvIQlMi3XA1NXpIwY=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpbNdtIu3WzC7kYpof/DiwdFvPpfvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91iMqzWN5b8YJ+hEdSB5yRo2VHrqYaC5iSa6IW/V65YpbdWcgy8TLSQVy1Hvlr24/ZmmE0jBBte54bmL8jCrDmcBJqZtqTCgb0QF2LJU0Qu1ns6sn5MQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw0s+4TFKDks0XhakgJibTCEifK2RGjC2hTHF7K2FDqigzNqiSDcFbfHmZNM+qnk3s7rxSu87jKMIRHMMpeHABNbiFOjSAgYJneIU358l5cd6dj3lrwclnDuEPnM8f12+RaA==</latexit><latexit sha1_base64="iHU+55tZM6fvIQlMi3XA1NXpIwY=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpbNdtIu3WzC7kYpof/DiwdFvPpfvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91iMqzWN5b8YJ+hEdSB5yRo2VHrqYaC5iSa6IW/V65YpbdWcgy8TLSQVy1Hvlr24/ZmmE0jBBte54bmL8jCrDmcBJqZtqTCgb0QF2LJU0Qu1ns6sn5MQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw0s+4TFKDks0XhakgJibTCEifK2RGjC2hTHF7K2FDqigzNqiSDcFbfHmZNM+qnk3s7rxSu87jKMIRHMMpeHABNbiFOjSAgYJneIU358l5cd6dj3lrwclnDuEPnM8f12+RaA==</latexit><latexit sha1_base64="iHU+55tZM6fvIQlMi3XA1NXpIwY=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpbNdtIu3WzC7kYpof/DiwdFvPpfvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91iMqzWN5b8YJ+hEdSB5yRo2VHrqYaC5iSa6IW/V65YpbdWcgy8TLSQVy1Hvlr24/ZmmE0jBBte54bmL8jCrDmcBJqZtqTCgb0QF2LJU0Qu1ns6sn5MQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw0s+4TFKDks0XhakgJibTCEifK2RGjC2hTHF7K2FDqigzNqiSDcFbfHmZNM+qnk3s7rxSu87jKMIRHMMpeHABNbiFOjSAgYJneIU358l5cd6dj3lrwclnDuEPnM8f12+RaA==</latexit>

✏ = 0.4
<latexit sha1_base64="2G1diAY6WGKK3GNiiptGcfuJDh8=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoPgadmV+DoIQS8eI5gHJGuYnXSSIbMzy8ysEpb8hxcPinj1X7z5N06SFaJoQUN1VTfdVBhzpo3nfTq5hcWl5ZX8amFtfWNzq7i9U9cyURRqVHKpmiHRwJmAmmGGQzNWQKKQQyMcXk38xj0ozaS4NaMYgoj0BesxSoyV7toQa8alwBfYc8udYsl3vSlse+z55ye+JZnybZVQhmqn+NHuSppEIAzlROuW78UmSIkyjHIYF9qJhpjQIelDy1JBItBBOv16jA+s0sU9qWwJg6fq/EZKIq1HUWgnI2IG+rc3Ef/yWonpnQUpE3FiQNDZoV7CsZF4EgHuMgXU8JElhCpmf8V0QBShxgZVmA/hf1I/cn3P9W/KpcplFkce7aF9dIh8dIoq6BpVUQ1RpNAjekYvzoPz5Lw6b7PRnJPt7KIfcN6/AP1PkYI=</latexit><latexit sha1_base64="2G1diAY6WGKK3GNiiptGcfuJDh8=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoPgadmV+DoIQS8eI5gHJGuYnXSSIbMzy8ysEpb8hxcPinj1X7z5N06SFaJoQUN1VTfdVBhzpo3nfTq5hcWl5ZX8amFtfWNzq7i9U9cyURRqVHKpmiHRwJmAmmGGQzNWQKKQQyMcXk38xj0ozaS4NaMYgoj0BesxSoyV7toQa8alwBfYc8udYsl3vSlse+z55ye+JZnybZVQhmqn+NHuSppEIAzlROuW78UmSIkyjHIYF9qJhpjQIelDy1JBItBBOv16jA+s0sU9qWwJg6fq/EZKIq1HUWgnI2IG+rc3Ef/yWonpnQUpE3FiQNDZoV7CsZF4EgHuMgXU8JElhCpmf8V0QBShxgZVmA/hf1I/cn3P9W/KpcplFkce7aF9dIh8dIoq6BpVUQ1RpNAjekYvzoPz5Lw6b7PRnJPt7KIfcN6/AP1PkYI=</latexit><latexit sha1_base64="2G1diAY6WGKK3GNiiptGcfuJDh8=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoPgadmV+DoIQS8eI5gHJGuYnXSSIbMzy8ysEpb8hxcPinj1X7z5N06SFaJoQUN1VTfdVBhzpo3nfTq5hcWl5ZX8amFtfWNzq7i9U9cyURRqVHKpmiHRwJmAmmGGQzNWQKKQQyMcXk38xj0ozaS4NaMYgoj0BesxSoyV7toQa8alwBfYc8udYsl3vSlse+z55ye+JZnybZVQhmqn+NHuSppEIAzlROuW78UmSIkyjHIYF9qJhpjQIelDy1JBItBBOv16jA+s0sU9qWwJg6fq/EZKIq1HUWgnI2IG+rc3Ef/yWonpnQUpE3FiQNDZoV7CsZF4EgHuMgXU8JElhCpmf8V0QBShxgZVmA/hf1I/cn3P9W/KpcplFkce7aF9dIh8dIoq6BpVUQ1RpNAjekYvzoPz5Lw6b7PRnJPt7KIfcN6/AP1PkYI=</latexit><latexit sha1_base64="2G1diAY6WGKK3GNiiptGcfuJDh8=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoPgadmV+DoIQS8eI5gHJGuYnXSSIbMzy8ysEpb8hxcPinj1X7z5N06SFaJoQUN1VTfdVBhzpo3nfTq5hcWl5ZX8amFtfWNzq7i9U9cyURRqVHKpmiHRwJmAmmGGQzNWQKKQQyMcXk38xj0ozaS4NaMYgoj0BesxSoyV7toQa8alwBfYc8udYsl3vSlse+z55ye+JZnybZVQhmqn+NHuSppEIAzlROuW78UmSIkyjHIYF9qJhpjQIelDy1JBItBBOv16jA+s0sU9qWwJg6fq/EZKIq1HUWgnI2IG+rc3Ef/yWonpnQUpE3FiQNDZoV7CsZF4EgHuMgXU8JElhCpmf8V0QBShxgZVmA/hf1I/cn3P9W/KpcplFkce7aF9dIh8dIoq6BpVUQ1RpNAjekYvzoPz5Lw6b7PRnJPt7KIfcN6/AP1PkYI=</latexit>

✏ = 1.0
<latexit sha1_base64="OreYcFECWMGMdec62kuXu5B5Y3Y=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgaclKwV6EohePFewHtGvJprNtaDa7JFmlLP0fXjwo4tX/4s1/Y7btwVofDDzem2FmXpAIrg0h305hbX1jc6u4XdrZ3ds/KB8etXScKgZNFotYdQKqQXAJTcONgE6igEaBgHYwvsn99iMozWN5byYJ+BEdSh5yRo2VHnqQaC5iia+w55J+uULcKsmBiVubE6svkwpaoNEvf/UGMUsjkIYJqnXXI4nxM6oMZwKmpV6qIaFsTIfQtVTSCLSfza6e4jOrDHAYK1vS4Jn6eyKjkdaTKLCdETUj/dfLxf+8bmrCmp9xmaQGJJsvClOBTYzzCPCAK2BGTCyhTHF7K2YjqigzNqiSDWHl5VXSunA94np31Ur9ehFHEZ2gU3SOPHSJ6ugWNVATMaTQM3pFb86T8+K8Ox/z1oKzmDlGS3A+fwDqf5F1</latexit><latexit sha1_base64="OreYcFECWMGMdec62kuXu5B5Y3Y=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgaclKwV6EohePFewHtGvJprNtaDa7JFmlLP0fXjwo4tX/4s1/Y7btwVofDDzem2FmXpAIrg0h305hbX1jc6u4XdrZ3ds/KB8etXScKgZNFotYdQKqQXAJTcONgE6igEaBgHYwvsn99iMozWN5byYJ+BEdSh5yRo2VHnqQaC5iia+w55J+uULcKsmBiVubE6svkwpaoNEvf/UGMUsjkIYJqnXXI4nxM6oMZwKmpV6qIaFsTIfQtVTSCLSfza6e4jOrDHAYK1vS4Jn6eyKjkdaTKLCdETUj/dfLxf+8bmrCmp9xmaQGJJsvClOBTYzzCPCAK2BGTCyhTHF7K2YjqigzNqiSDWHl5VXSunA94np31Ur9ehFHEZ2gU3SOPHSJ6ugWNVATMaTQM3pFb86T8+K8Ox/z1oKzmDlGS3A+fwDqf5F1</latexit><latexit sha1_base64="OreYcFECWMGMdec62kuXu5B5Y3Y=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgaclKwV6EohePFewHtGvJprNtaDa7JFmlLP0fXjwo4tX/4s1/Y7btwVofDDzem2FmXpAIrg0h305hbX1jc6u4XdrZ3ds/KB8etXScKgZNFotYdQKqQXAJTcONgE6igEaBgHYwvsn99iMozWN5byYJ+BEdSh5yRo2VHnqQaC5iia+w55J+uULcKsmBiVubE6svkwpaoNEvf/UGMUsjkIYJqnXXI4nxM6oMZwKmpV6qIaFsTIfQtVTSCLSfza6e4jOrDHAYK1vS4Jn6eyKjkdaTKLCdETUj/dfLxf+8bmrCmp9xmaQGJJsvClOBTYzzCPCAK2BGTCyhTHF7K2YjqigzNqiSDWHl5VXSunA94np31Ur9ehFHEZ2gU3SOPHSJ6ugWNVATMaTQM3pFb86T8+K8Ox/z1oKzmDlGS3A+fwDqf5F1</latexit><latexit sha1_base64="OreYcFECWMGMdec62kuXu5B5Y3Y=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgaclKwV6EohePFewHtGvJprNtaDa7JFmlLP0fXjwo4tX/4s1/Y7btwVofDDzem2FmXpAIrg0h305hbX1jc6u4XdrZ3ds/KB8etXScKgZNFotYdQKqQXAJTcONgE6igEaBgHYwvsn99iMozWN5byYJ+BEdSh5yRo2VHnqQaC5iia+w55J+uULcKsmBiVubE6svkwpaoNEvf/UGMUsjkIYJqnXXI4nxM6oMZwKmpV6qIaFsTIfQtVTSCLSfza6e4jOrDHAYK1vS4Jn6eyKjkdaTKLCdETUj/dfLxf+8bmrCmp9xmaQGJJsvClOBTYzzCPCAK2BGTCyhTHF7K2YjqigzNqiSDWHl5VXSunA94np31Ur9ehFHEZ2gU3SOPHSJ6ugWNVATMaTQM3pFb86T8+K8Ox/z1oKzmDlGS3A+fwDqf5F1</latexit>lo

g e
 (S

ur
vi

va
l p

ro
ba

bi
lit

y)

0

−3

−6

−9

Time (in ps)
0 3 6 9

lo
g e

 (S
ur

vi
va

l p
ro

ba
bi

lit
y)

0

−3

−6

−9

Time (in ps)
0 3 6 9

c

Lifetime distribution
ps

Long time tails….

D = 24 kcal mol-1

E = 34 kcal mol-1

Origin of the slower timescales?
Need to identify the coupling vibration resonances



 

Q

y
QQ

toads.de

a rye
lion angle

L
Heisenberg

altatz a H o Jg z
Cos 01 02 203

I lv r
IviUzUz Uc11,411 Ust2 d
II 121 ft 01102 203 0

to locked inphase
EE Ee Sh 1 2523 0

w coz 203 0

fan I I'I
anharmonicity f m I e 0J

Corresbondence

Jer Uk Eun t

For e.g.

degenerate

Slow: 
cannot be  

averaged away!

Momentum 
coupling in  

bond coordinates

Depend on E 
``nonlinear”

signed. From a J850, K850 intermediate state, one expects
a single R branch transition, while from J8.0, both P and R
branch transitions should appear separated by 2(B1C)(J8
11/2). Since B8 and C8 ~i.e., of the intermediate state! are
well determined25 and the rotational constants do not change
significantly with excitation, the excited state combination
differences give a convenient way to verify experimentally
the assignment of a prepared intermediate rotational state. To
facilitate this procedure, we prepare molecules in many dif-
ferent rotational states in the n1 intermediate level and check
the assignment of these transitions by combination differ-
ences in the overtone spectra. The rotational and torsional
analysis of the resulting double resonance overtone spectra is
given in Paper III of this series.28 We use here the results of
this assignment and refer readers to Paper III for details.

It is only when we are confident that there are no over-
lapping transitions that we can interpret any additional split-
ting and/or broadening in terms of the intramolecular dynam-
ics of the highly excited molecule. The longest time scale on
which we can infer intramolecular dynamics from frequency
domain measurements is limited to ;100 ps by the 0.05
cm21 spectral resolution of the overtone pump laser. In Paper
I,19 single resonance overtone spectroscopy of jet-cooled
methanol molecules allowed the study of only the ultrafast
IVR occurring in the 5n1 energy region since in that case
rotational congestion inhibited our ability to observe small
splittings. The double resonance scheme employed here of-
fers insight into much longer time IVR dynamics by reveal-
ing these splittings.

Figure 2 shows a series of double resonance OH stretch
overtone excitation spectra of jet-cooled methanol. The fig-

ure shows the LIF intensity of the OH product as a function
of the wavenumber for excitation to each of the OH stretch
overtone levels. A common feature of these spectra is that
they all originate from the same single rotational state: J8
50, K850, E symmetry. For reaching the 3n1– 6n1 levels,
this rotational state is prepared in the first step of the double
resonance excitation scheme via the rP21(1) transition at
3686.12 cm21 in the OH stretch fundamental. For reaching
7n1 and 8n1 , we use the corresponding rotational transition
at 7195.31 cm21 in the first OH stretch overtone.

As one can clearly see in Fig. 2, the overtone spectra
exhibit a rich and varying structure, reflecting time scales of
IVR that are not a regular function of vibrational energy. As
we discuss below, the intramolecular dynamics implied by
the spectra reflect multiple time scales, each of which exhib-
its a different vibrational energy dependence. We first dis-
cuss the strongest interactions, which result in discrete,
widely spaced features in the spectrum. In light of the in-
creased selectivity and sensitivity of the double resonance
method, we re-examine the strong OH stretch-CH stretch
coupling discussed in Paper I. Moreover, at the higher ener-
gies accessed by this technique, we observe the appearance
of a second strong resonance in the region of the 7n1 level.

We then turn to the finer structure reflective of second-
ary IVR time scales that were not observable in our single
resonance experiments. The 5n1 spectrum provides the
clearest example of this secondary structure, and hence we
treat it first and in the greatest amount of detail. We then
move to the 3n1 and 4n1 levels where intermediate structure
is also clearly observed. At the 7n1 and 8n1 levels, some
intermediate structure is still present, but it is less distinct
from the unresolved broadening that comes from coupling to
the dense vibrational bath.

The longest observable time scale is represented by the
widths of the narrowest features at each vibrational level,
representing irreversible decay into the dense manifold of
vibrational bath states. We present and discuss the vibra-
tional dependence of this third dynamical time scale.

A. Strong low-order couplings leading to ultrafast
dynamics

1. OH stretch-CH stretch coupling at the 5n1 and 6n1
levels

As discussed in Paper I,19 the large 50 cm21 splitting
between the two groups of peaks in the 5n1 spectrum of Fig.
2 results from an effective fourth order anharmonic coupling
between the 5n1 bright state and the 4n11n2 zeroth-order
dark state ~n2 is an asymmetric CH stretch vibration!. These
two states come into close resonance at 5n1 , and their mix-
ing produces two bands carrying 36% and 64% of the inte-
grated band strength. To a first approximation, the two bands
in the 5n1 spectrum of Fig. 2 can be described as first-order
states

cL
~1 !5au5n1&2bu4n11n2& ~1a!

and

cH
~1 !5bu5n1&1au4n11n2& ~1b!

FIG. 2. A stack of 3n1 to 8n1 double resonance spectra in methanol. Each
spectrum represents the relatine OH LIF intensity excited as a function of
the overtone laser wave number. The wave number scale for each is relative
to its band origin, n0 . All the spectra originate from the J850, K850
intermediate rotational state of E symmetry, prepared by exciting the fun-
damental OH transition ~for 3n1– 6n1! or its first overtone for 7n1 and 8n1 .

11349J. Chem. Phys., Vol. 110, No. 23, 15 June 1999 Boyarkin, Rizzo, and Perry
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Fig. 11 Schematic illustration of the various viewpoints on unimolecular reactions. (a) The standard Lindemann-Hinshelwood-Marcus mechanism for
the dissociation of a triatomic molecule. (b) A kinetic scheme to account for nonstatistical dynamics based on a partitioning of the phase space into
regions with distinct dynamical behaviours. (c) The state (action) space representation showing the constant energy surface decorated by the nonlinear
resonances involving the stretching and the bending modes. The various independent resonances can intersect to form junctions (yellow circles).

combined with the recently advanced NHIM-based phase space
TST, they show that

1. Both power law behaviour at intermediate times and an ex-
ponential decay at times much longer than the mean gap
time are seen in the integrated gap time distribution, which
is closely related to the lifetime distribution in eq. 35 above.

2. There exist trapped regions in the reactive phase space and
accounting for them, based on a “simple-minded" relative
phase space density argument, leads to significant over cor-
rection to the usual RRKM rate.

A couple of comments on the observations above are pertinent
at this stage. Already an earlier work321 by Shojiguchi, Li, Ko-
matsuzaki, and Toda on a model f = 3 system suggests that the
first point above has links to the dynamics on the Arnold web.
Although the precise nature of dynamical barriers were not iden-
tified, it was clear from their analysis that the intermediate time
power law and long time exponential behaviour of the survival
probability arose from trajectories transitioning from certain re-
gions in the Arnold web to the vicinity of resonance junctions.
Secondly, the issue of over correcting the RRKM estimate is also
related to the features on the Arnold web in the reactant well,
since reactive trajectories that cross the dividing surface, but nev-
ertheless get temporarily trapped near the junctions, lead to non-
ergodicity. Specifically, correlated motion near the junctions in-
validate the assumption that phase space densities can be par-
titioned into sub-densities corresponding to dynamically distinct
behaviours. Similar concerns, related to the stickiness and vague

tori in f = 2 systems, have been noted by De Leon and Berne322

and others163,164.

From the above brief discussion one can conclude, as also em-
phasized in an earlier study321 Shojiguchi et al, that for a clearer
understanding of the rate processes it is imperative to investi-
gate the nature of the Arnold web in the reactant phase space
regions. More importantly, relating the topology of the stable and
unstable manifolds of the NHIM in the bottleneck regions, that
control the entry into and exit from the reactant phase space re-
gion, with the nature of the Arnold web in the reactant region
should provide a sophisticated understanding of the regimes of
validity of statistical rate theories. An equally important task
is to provide unambiguous connections between the dynamical
barriers on the Arnold web and the unimolecular decay observ-
ables. Undertaking such a task requires an appropriate model
f = 3 system which, apart from being accessible to the modern
tools of nonlinear dynamical systems theory, embodies the key
aspects of unimolecular reactions. Examples such as HCN isomer-
ization188,190,297,316,323,324, OCS dissociation291,298–301,325,326,
and several others mentioned above are indeed potential can-
didates. However, in our opinion, the set of model triatomic
molecules studied269,311 by Bunker nearly half a century ago
provide a good starting point for several reasons. Firstly, the
Bunker models provide a fairly comprehensive set to test the vari-
ous aspects and assertions regarding the connection between IVR
and the Arnold web structures. Secondly, detailed quantum dy-
namical study of the models to ascertain the extent of classical-
quantum correspondence are yet to be made. Finally, these mod-
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Figure 1: Simple sketch of the discrete molecular state space or quantum
number space for a three mode f = 3 case. An initial zeroth-order state (dark
circle) di⇧uses on the f � 1 = 2 dimensional constant energy surface. The
di⇧usion involves some of the dark states (thick circles) whereas several other
dark states (shaded circles) are not involved. Reproduced from reference[71]
with permission.

where we have defined the self-energy term Sj(E) = Ej(E)� i�j(E) and the
unperturbed site-diagonal Green function gjj(E) = (E + i⌥ � ⇧j)�1 in the
above equation4. The motivation to write the site-diagonal Green function
in the above form has to do with the fact that the imaginary part of the
self-energy �j(E) is the crucial quantity which characterizes the transition.
To appreciate the importance of �j(E), consider an exact eigenstate |⇤⌃i,
with exact eigenvalue E⌃, of the full Hamiltonian. The decomposition

|⇤⌃i =
X

l

hl|⇤⌃i|li ⌘
X

l

Cl⌃|li (17)

shows that the amplitudes Cl⌃ determine the extent of (de)localization of
|⇤⌃i in the QNS. Using the spectral representation of the site-diagonal Green

4One way of thinking about the self-energy is that it renormalizes the unperturbed
Hamiltonian H0 in eq. 8 to

P
i(✏i +Si)|iihi|, which is non self-adjoint due to the fact that

Si(E) is complex. As usual, the real part of Si(E) leads to a shift of the energy level
whereas the imaginary part leads to the broadening of the, otherwise, sharp lines.
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Figure 4: Sketch of the resonance network i.e., Arnold web for a three
mode system. The resonances, with varying thickness representing varying
strengths, form an intricate network over which dynamics of specific ZOBS
(circles) occurs. Possible barriers to the transport are indicated by dashed
lines. Note the “hubs” in the network corresponding to the intersection of
several low and high order resonances. Compare to the state space picture
shown in the earlier figures. Reproduced from reference[71] with permission.

The condition in Eq. 62 defines a (f � 1)-dimensional manifold in the
action space. Focusing attention on the constant energy surface (CES)
H0(I) = E, we see that the resonance manifold restricted to the CES yields
a (f � 2)-dimensional object. Thus, for f = 2 the resonance conditions
are satisfied at points on the CES and hence energetically isolated. On the
other hand, for f = 3 example, the resonance manifolds intersect the CES
along one-dimensional curves, implying that the resonances are not energet-
ically isolated. Therefore, one can immediately see that the f � 3 cases are
significantly di⇧erent from the f < 3 cases. In particular, for f � 3 it is
possible for two or more independent resonance manifolds to intersect each
other on the CES. In other words, the resonance frequency vector ⌦

0 can
satisfy m

(r) · ⌦0 = 0 for independent vectors m
(r) with r = 1, 2, . . . , s and

s < f . Such a vector ⌦0 is called as a multiplicity-s resonant vector. For ex-
ample, in the case of f = 3 it is possible to have two independent resonances
intersecting on the CES giving rise to a multiplicity-2 resonance. Such inter-
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of molecular parameters is then identified for which the most-probable value of the self-energy is
in fact infinitesimally small, or, similarly, where the average inverse participation ratio is finite.

Consider first the self-consistent analysis of the !mp. Let µ = !mp + η, η → 0,

!j(E) =
KQ∑

Q,k "=j

|ψQ,jk|2µ(E)

(E − εQ,k − Ek)
2 + µ2(E)

. (15)

When the eigenstates of H are localized µ → 0 and, upon averaging over the matrix elements
coupling states of each order of the anharmonicity, the following approximation to the probability
distribution for !j on the localized side of the transition is obtained [230],

f (!j) ≈ γ!
−3/2
j exp(−πγ 2/!j), (16)

where

γ = µ1/2
∑

Q

KQ〈|ψQ|〉DQ(E), (17)

and DQ(E) is the average local density of states a distance Q away, which can be expressed in
terms of the site-diagonal energy Green function, Gjj(E),

DQ(E) = −π〈ImGQ,jj(E)〉. (18)

Defining the local density of states as

ρQ(E) = KQDQ(E), (19)

we find that for localized states !̃mp is given by [12,230]

!̃mp = T(E)(1 − T(E))−1, T(E) < 1, (20a)

T(E) ≡ 2π
3




∑

Q

〈|ψQ|〉ρQ




2

. (20b)

2.3.1. Statistical properties of localized vibrational eigenstates

Well beyond the extended side of the transition, we expect the statistical properties of the vibra-
tional eigenstates to correspond to those predicted by the Gaussian orthogonal ensemble (GOE)
[187]. The GOE serves as a good predictor of statistical properties of spectra in the semi-classical
limit when the corresponding classical dynamics is chaotic [233–241]. We shall see that LRMT
goes over to this limit. For now we adopt LRMT to address the statistical properties of the
vibrational eigenstates on the localized side of the transition, T(E) < 1.

The transition parameter, T(E), is expressed in terms of the average coupling 〈|ψQ|〉, the
connectivity, KQ, and the normalized density of states, DQ(E), that lie a distance Q from state |j〉.
It follows from Equation (20) that the condition 0 ≤ T(E) < 1 must be satisfied for states on the
energy shell around E to be localized. When T(E) = 1, !̃j(E) diverges, indicating a transition
to extended states. For T(E) > 1, there is no solution to Equation (20), and eigenstates of H at
energy E are extended. Using the relation between y ≡ |cjλ|2 and !̃j(E) given by Equation (8)
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Transition to statisticality?
Large scale resonance overlap…[``Chirikov” criterion]

This resonance condition is satisfied only for some specific action values - called as resonant ac-
tions. Being nonlinear, these resonances have a certain width in action space. Efficient IVR 

happens when the system is inside such a resonance zone. Higher the order, smaller the 

width. From an IVR perspective, however, early time energy flow is controlled by low order 

resonances but long time dynamics are influenced by high order resonances. This is expected 

from a previous work [Vibrational relaxation and energy localization in polyatomics: Effects of high-
order resonances on flow rates and the quantum ergodicity transition, JCP  105, 11226 (1996).] of Woly-
nes & Leitner wherein they show that high order resonances are crucial in establishing the 

transition to ergodic flow. 

Below is a qualitative sketch of the various resonances in the zeroth-order action plane. Note 

that the widths actually change along the resonance..here shown to be constants for conven-
ience.  So, the green initial state will undergo very little IVR whereas the red and blue ones do 

undergo IVR. The latter two are in some resonance zone and traverse the action plane due to 

overlaps between different resonances. For example, the red initial state has fairly large action 

changes - this translates, quantum mechanically, to large quantum number changes and hence 

energy sharing between the two modes. 

Key point is that loca$y, around each resonance center, one can reduce the description to a pendulum Hamil-
tonian and the width is the size of the corresponding resonance island that you would see in the phase space. 

The outermost boundary are the separatrices and when two independent resonance separatrices touch, as 

when they overlap, they are destroyed and replaced by chaos. Extensive overlap means large scale chaos and 

hence a given initial point suffers large excursions in actions  i.e., facile IVR. Of course, what one means 
by a `mode’ in cases with large chaos is unclear!

[See the Scholarpedia article by Shepelyansky for an introduction and further references.]
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PANKAJ:  RESEARCH PLAN
Connecting the Arnold web and (non) RRKM dynamics

(q2,p2) Poincare surface of section for Bunker’s model #8 at a total energy of 40 kcal/mol. 
Note the numerous nonlinear resonances appearing as islands on the SOS. Total of 25 
trajectories evolved for about ~ 22 ps. Sectioning at equilibrium value of q1.

KS

Fall 2013

Pankaj research! 1

6.  Obtain the quantum eigenstates. One can then study the quantum IVR dynamics from spe-
cific initial states. There have been previous studies but most have reduced it to a 

e!ective Hamiltonian with one or two specific low order resonances [Roberts & Jaffe, 

The correspondence between classical nonlinear resonances and quantum mechanical Fermi resonances, 

JCP 99, 2495 (1993); Lami & Vi$ani, Vibrational energy migration along hydrocarbon chains: A model 

study, JPC 94, 6959 (1990)]. Also, are the highly excited quantum states ``sufficiently” delocal-
ized for those cases wherein RRKM is expected? They may not be ergodic though!

7. Is dynamical tunneling playing a role here? So are the so called edge state (overtone state) 
mixing with interior states via DT? This being a 2 DoF the density of states is not high 
enough. But it would be interesting to see DT effects on IVR here since the kinetic coupling 
has all Fourier components. In this context Heller’s papers [Many faces of tunneling. JPCA 103, 

10433 (1999); Dynamical tunneling and molecular spectra, JPC 99, 2625 (1995).} are relevant.

Shown above is the SOS for Bunker’s model #8 at total energy of ~ 58 kcal/mol. You can see that 
large scale chaos has set in but there are still lots of structures in the phase space! One can see 
the nonlinear resonances, stickiness around them and some KAM tori..Is this why it is non-
RRKM? Correlates well with Fig. 5 of Oxtoby & Rice. Compute the (q1,p1) SOS as well.
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Nonlinear resonance

Stickiness

40 kcal/mol

58 kcal/mol

Model #8

∼ ϵ

2 degrees of freedom 
Oxtoby and Rice, J. Chem. Phys. 65, 1676 (1976)

> 2 degrees of freedom? ϵc ∼ 0.1 − 0.2



However….

For ε ~ 0.4 

not much of 

a web!

# 
of

 tr
aj

ec
to

rie
s

1

102

104

Lifetime (in ps)
0 5 15 25 35

# 
of

 tr
aj

ec
to

rie
s

1

102

104

Lifetime (in ps)
0 5 15 25 35

a b

✏ = 0.1
<latexit sha1_base64="iHU+55tZM6fvIQlMi3XA1NXpIwY=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpbNdtIu3WzC7kYpof/DiwdFvPpfvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91iMqzWN5b8YJ+hEdSB5yRo2VHrqYaC5iSa6IW/V65YpbdWcgy8TLSQVy1Hvlr24/ZmmE0jBBte54bmL8jCrDmcBJqZtqTCgb0QF2LJU0Qu1ns6sn5MQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw0s+4TFKDks0XhakgJibTCEifK2RGjC2hTHF7K2FDqigzNqiSDcFbfHmZNM+qnk3s7rxSu87jKMIRHMMpeHABNbiFOjSAgYJneIU358l5cd6dj3lrwclnDuEPnM8f12+RaA==</latexit><latexit sha1_base64="iHU+55tZM6fvIQlMi3XA1NXpIwY=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpbNdtIu3WzC7kYpof/DiwdFvPpfvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91iMqzWN5b8YJ+hEdSB5yRo2VHrqYaC5iSa6IW/V65YpbdWcgy8TLSQVy1Hvlr24/ZmmE0jBBte54bmL8jCrDmcBJqZtqTCgb0QF2LJU0Qu1ns6sn5MQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw0s+4TFKDks0XhakgJibTCEifK2RGjC2hTHF7K2FDqigzNqiSDcFbfHmZNM+qnk3s7rxSu87jKMIRHMMpeHABNbiFOjSAgYJneIU358l5cd6dj3lrwclnDuEPnM8f12+RaA==</latexit><latexit sha1_base64="iHU+55tZM6fvIQlMi3XA1NXpIwY=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpbNdtIu3WzC7kYpof/DiwdFvPpfvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91iMqzWN5b8YJ+hEdSB5yRo2VHrqYaC5iSa6IW/V65YpbdWcgy8TLSQVy1Hvlr24/ZmmE0jBBte54bmL8jCrDmcBJqZtqTCgb0QF2LJU0Qu1ns6sn5MQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw0s+4TFKDks0XhakgJibTCEifK2RGjC2hTHF7K2FDqigzNqiSDcFbfHmZNM+qnk3s7rxSu87jKMIRHMMpeHABNbiFOjSAgYJneIU358l5cd6dj3lrwclnDuEPnM8f12+RaA==</latexit><latexit sha1_base64="iHU+55tZM6fvIQlMi3XA1NXpIwY=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpbNdtIu3WzC7kYpof/DiwdFvPpfvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91iMqzWN5b8YJ+hEdSB5yRo2VHrqYaC5iSa6IW/V65YpbdWcgy8TLSQVy1Hvlr24/ZmmE0jBBte54bmL8jCrDmcBJqZtqTCgb0QF2LJU0Qu1ns6sn5MQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw0s+4TFKDks0XhakgJibTCEifK2RGjC2hTHF7K2FDqigzNqiSDcFbfHmZNM+qnk3s7rxSu87jKMIRHMMpeHABNbiFOjSAgYJneIU358l5cd6dj3lrwclnDuEPnM8f12+RaA==</latexit>

✏ = 0.4
<latexit sha1_base64="2G1diAY6WGKK3GNiiptGcfuJDh8=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoPgadmV+DoIQS8eI5gHJGuYnXSSIbMzy8ysEpb8hxcPinj1X7z5N06SFaJoQUN1VTfdVBhzpo3nfTq5hcWl5ZX8amFtfWNzq7i9U9cyURRqVHKpmiHRwJmAmmGGQzNWQKKQQyMcXk38xj0ozaS4NaMYgoj0BesxSoyV7toQa8alwBfYc8udYsl3vSlse+z55ye+JZnybZVQhmqn+NHuSppEIAzlROuW78UmSIkyjHIYF9qJhpjQIelDy1JBItBBOv16jA+s0sU9qWwJg6fq/EZKIq1HUWgnI2IG+rc3Ef/yWonpnQUpE3FiQNDZoV7CsZF4EgHuMgXU8JElhCpmf8V0QBShxgZVmA/hf1I/cn3P9W/KpcplFkce7aF9dIh8dIoq6BpVUQ1RpNAjekYvzoPz5Lw6b7PRnJPt7KIfcN6/AP1PkYI=</latexit><latexit sha1_base64="2G1diAY6WGKK3GNiiptGcfuJDh8=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoPgadmV+DoIQS8eI5gHJGuYnXSSIbMzy8ysEpb8hxcPinj1X7z5N06SFaJoQUN1VTfdVBhzpo3nfTq5hcWl5ZX8amFtfWNzq7i9U9cyURRqVHKpmiHRwJmAmmGGQzNWQKKQQyMcXk38xj0ozaS4NaMYgoj0BesxSoyV7toQa8alwBfYc8udYsl3vSlse+z55ye+JZnybZVQhmqn+NHuSppEIAzlROuW78UmSIkyjHIYF9qJhpjQIelDy1JBItBBOv16jA+s0sU9qWwJg6fq/EZKIq1HUWgnI2IG+rc3Ef/yWonpnQUpE3FiQNDZoV7CsZF4EgHuMgXU8JElhCpmf8V0QBShxgZVmA/hf1I/cn3P9W/KpcplFkce7aF9dIh8dIoq6BpVUQ1RpNAjekYvzoPz5Lw6b7PRnJPt7KIfcN6/AP1PkYI=</latexit><latexit sha1_base64="2G1diAY6WGKK3GNiiptGcfuJDh8=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoPgadmV+DoIQS8eI5gHJGuYnXSSIbMzy8ysEpb8hxcPinj1X7z5N06SFaJoQUN1VTfdVBhzpo3nfTq5hcWl5ZX8amFtfWNzq7i9U9cyURRqVHKpmiHRwJmAmmGGQzNWQKKQQyMcXk38xj0ozaS4NaMYgoj0BesxSoyV7toQa8alwBfYc8udYsl3vSlse+z55ye+JZnybZVQhmqn+NHuSppEIAzlROuW78UmSIkyjHIYF9qJhpjQIelDy1JBItBBOv16jA+s0sU9qWwJg6fq/EZKIq1HUWgnI2IG+rc3Ef/yWonpnQUpE3FiQNDZoV7CsZF4EgHuMgXU8JElhCpmf8V0QBShxgZVmA/hf1I/cn3P9W/KpcplFkce7aF9dIh8dIoq6BpVUQ1RpNAjekYvzoPz5Lw6b7PRnJPt7KIfcN6/AP1PkYI=</latexit><latexit sha1_base64="2G1diAY6WGKK3GNiiptGcfuJDh8=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoPgadmV+DoIQS8eI5gHJGuYnXSSIbMzy8ysEpb8hxcPinj1X7z5N06SFaJoQUN1VTfdVBhzpo3nfTq5hcWl5ZX8amFtfWNzq7i9U9cyURRqVHKpmiHRwJmAmmGGQzNWQKKQQyMcXk38xj0ozaS4NaMYgoj0BesxSoyV7toQa8alwBfYc8udYsl3vSlse+z55ye+JZnybZVQhmqn+NHuSppEIAzlROuW78UmSIkyjHIYF9qJhpjQIelDy1JBItBBOv16jA+s0sU9qWwJg6fq/EZKIq1HUWgnI2IG+rc3Ef/yWonpnQUpE3FiQNDZoV7CsZF4EgHuMgXU8JElhCpmf8V0QBShxgZVmA/hf1I/cn3P9W/KpcplFkce7aF9dIh8dIoq6BpVUQ1RpNAjekYvzoPz5Lw6b7PRnJPt7KIfcN6/AP1PkYI=</latexit>

✏ = 1.0
<latexit sha1_base64="OreYcFECWMGMdec62kuXu5B5Y3Y=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgaclKwV6EohePFewHtGvJprNtaDa7JFmlLP0fXjwo4tX/4s1/Y7btwVofDDzem2FmXpAIrg0h305hbX1jc6u4XdrZ3ds/KB8etXScKgZNFotYdQKqQXAJTcONgE6igEaBgHYwvsn99iMozWN5byYJ+BEdSh5yRo2VHnqQaC5iia+w55J+uULcKsmBiVubE6svkwpaoNEvf/UGMUsjkIYJqnXXI4nxM6oMZwKmpV6qIaFsTIfQtVTSCLSfza6e4jOrDHAYK1vS4Jn6eyKjkdaTKLCdETUj/dfLxf+8bmrCmp9xmaQGJJsvClOBTYzzCPCAK2BGTCyhTHF7K2YjqigzNqiSDWHl5VXSunA94np31Ur9ehFHEZ2gU3SOPHSJ6ugWNVATMaTQM3pFb86T8+K8Ox/z1oKzmDlGS3A+fwDqf5F1</latexit><latexit sha1_base64="OreYcFECWMGMdec62kuXu5B5Y3Y=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgaclKwV6EohePFewHtGvJprNtaDa7JFmlLP0fXjwo4tX/4s1/Y7btwVofDDzem2FmXpAIrg0h305hbX1jc6u4XdrZ3ds/KB8etXScKgZNFotYdQKqQXAJTcONgE6igEaBgHYwvsn99iMozWN5byYJ+BEdSh5yRo2VHnqQaC5iia+w55J+uULcKsmBiVubE6svkwpaoNEvf/UGMUsjkIYJqnXXI4nxM6oMZwKmpV6qIaFsTIfQtVTSCLSfza6e4jOrDHAYK1vS4Jn6eyKjkdaTKLCdETUj/dfLxf+8bmrCmp9xmaQGJJsvClOBTYzzCPCAK2BGTCyhTHF7K2YjqigzNqiSDWHl5VXSunA94np31Ur9ehFHEZ2gU3SOPHSJ6ugWNVATMaTQM3pFb86T8+K8Ox/z1oKzmDlGS3A+fwDqf5F1</latexit><latexit sha1_base64="OreYcFECWMGMdec62kuXu5B5Y3Y=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgaclKwV6EohePFewHtGvJprNtaDa7JFmlLP0fXjwo4tX/4s1/Y7btwVofDDzem2FmXpAIrg0h305hbX1jc6u4XdrZ3ds/KB8etXScKgZNFotYdQKqQXAJTcONgE6igEaBgHYwvsn99iMozWN5byYJ+BEdSh5yRo2VHnqQaC5iia+w55J+uULcKsmBiVubE6svkwpaoNEvf/UGMUsjkIYJqnXXI4nxM6oMZwKmpV6qIaFsTIfQtVTSCLSfza6e4jOrDHAYK1vS4Jn6eyKjkdaTKLCdETUj/dfLxf+8bmrCmp9xmaQGJJsvClOBTYzzCPCAK2BGTCyhTHF7K2YjqigzNqiSDWHl5VXSunA94np31Ur9ehFHEZ2gU3SOPHSJ6ugWNVATMaTQM3pFb86T8+K8Ox/z1oKzmDlGS3A+fwDqf5F1</latexit><latexit sha1_base64="OreYcFECWMGMdec62kuXu5B5Y3Y=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgaclKwV6EohePFewHtGvJprNtaDa7JFmlLP0fXjwo4tX/4s1/Y7btwVofDDzem2FmXpAIrg0h305hbX1jc6u4XdrZ3ds/KB8etXScKgZNFotYdQKqQXAJTcONgE6igEaBgHYwvsn99iMozWN5byYJ+BEdSh5yRo2VHnqQaC5iia+w55J+uULcKsmBiVubE6svkwpaoNEvf/UGMUsjkIYJqnXXI4nxM6oMZwKmpV6qIaFsTIfQtVTSCLSfza6e4jOrDHAYK1vS4Jn6eyKjkdaTKLCdETUj/dfLxf+8bmrCmp9xmaQGJJsvClOBTYzzCPCAK2BGTCyhTHF7K2YjqigzNqiSDWHl5VXSunA94np31Ur9ehFHEZ2gU3SOPHSJ6ugWNVATMaTQM3pFb86T8+K8Ox/z1oKzmDlGS3A+fwDqf5F1</latexit>lo

g e
 (S

ur
vi

va
l p

ro
ba

bi
lit

y)

0

−3

−6

−9

Time (in ps)
0 3 6 9

lo
g e

 (S
ur

vi
va

l p
ro

ba
bi

lit
y)

0

−3

−6

−9

Time (in ps)
0 3 6 9

c

Lifetime (ps)
Lifetime (ps)

0.1

1.0

0.4  



# 
of

 tr
aj

ec
to

rie
s

1

102

104

Lifetime (in ps)
0 5 15 25 35

# 
of

 tr
aj

ec
to

rie
s

1

102

104

Lifetime (in ps)
0 5 15 25 35

a b

✏ = 0.1
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Junctions are key!
Local dynamical traps…stable chaos…

Expanded FLI scale…
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Long time tails….
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✏ = 1.0
<latexit sha1_base64="OreYcFECWMGMdec62kuXu5B5Y3Y=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgaclKwV6EohePFewHtGvJprNtaDa7JFmlLP0fXjwo4tX/4s1/Y7btwVofDDzem2FmXpAIrg0h305hbX1jc6u4XdrZ3ds/KB8etXScKgZNFotYdQKqQXAJTcONgE6igEaBgHYwvsn99iMozWN5byYJ+BEdSh5yRo2VHnqQaC5iia+w55J+uULcKsmBiVubE6svkwpaoNEvf/UGMUsjkIYJqnXXI4nxM6oMZwKmpV6qIaFsTIfQtVTSCLSfza6e4jOrDHAYK1vS4Jn6eyKjkdaTKLCdETUj/dfLxf+8bmrCmp9xmaQGJJsvClOBTYzzCPCAK2BGTCyhTHF7K2YjqigzNqiSDWHl5VXSunA94np31Ur9ehFHEZ2gU3SOPHSJ6ugWNVATMaTQM3pFb86T8+K8Ox/z1oKzmDlGS3A+fwDqf5F1</latexit><latexit sha1_base64="OreYcFECWMGMdec62kuXu5B5Y3Y=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgaclKwV6EohePFewHtGvJprNtaDa7JFmlLP0fXjwo4tX/4s1/Y7btwVofDDzem2FmXpAIrg0h305hbX1jc6u4XdrZ3ds/KB8etXScKgZNFotYdQKqQXAJTcONgE6igEaBgHYwvsn99iMozWN5byYJ+BEdSh5yRo2VHnqQaC5iia+w55J+uULcKsmBiVubE6svkwpaoNEvf/UGMUsjkIYJqnXXI4nxM6oMZwKmpV6qIaFsTIfQtVTSCLSfza6e4jOrDHAYK1vS4Jn6eyKjkdaTKLCdETUj/dfLxf+8bmrCmp9xmaQGJJsvClOBTYzzCPCAK2BGTCyhTHF7K2YjqigzNqiSDWHl5VXSunA94np31Ur9ehFHEZ2gU3SOPHSJ6ugWNVATMaTQM3pFb86T8+K8Ox/z1oKzmDlGS3A+fwDqf5F1</latexit><latexit sha1_base64="OreYcFECWMGMdec62kuXu5B5Y3Y=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgaclKwV6EohePFewHtGvJprNtaDa7JFmlLP0fXjwo4tX/4s1/Y7btwVofDDzem2FmXpAIrg0h305hbX1jc6u4XdrZ3ds/KB8etXScKgZNFotYdQKqQXAJTcONgE6igEaBgHYwvsn99iMozWN5byYJ+BEdSh5yRo2VHnqQaC5iia+w55J+uULcKsmBiVubE6svkwpaoNEvf/UGMUsjkIYJqnXXI4nxM6oMZwKmpV6qIaFsTIfQtVTSCLSfza6e4jOrDHAYK1vS4Jn6eyKjkdaTKLCdETUj/dfLxf+8bmrCmp9xmaQGJJsvClOBTYzzCPCAK2BGTCyhTHF7K2YjqigzNqiSDWHl5VXSunA94np31Ur9ehFHEZ2gU3SOPHSJ6ugWNVATMaTQM3pFb86T8+K8Ox/z1oKzmDlGS3A+fwDqf5F1</latexit><latexit sha1_base64="OreYcFECWMGMdec62kuXu5B5Y3Y=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgaclKwV6EohePFewHtGvJprNtaDa7JFmlLP0fXjwo4tX/4s1/Y7btwVofDDzem2FmXpAIrg0h305hbX1jc6u4XdrZ3ds/KB8etXScKgZNFotYdQKqQXAJTcONgE6igEaBgHYwvsn99iMozWN5byYJ+BEdSh5yRo2VHnqQaC5iia+w55J+uULcKsmBiVubE6svkwpaoNEvf/UGMUsjkIYJqnXXI4nxM6oMZwKmpV6qIaFsTIfQtVTSCLSfza6e4jOrDHAYK1vS4Jn6eyKjkdaTKLCdETUj/dfLxf+8bmrCmp9xmaQGJJsvClOBTYzzCPCAK2BGTCyhTHF7K2YjqigzNqiSDWHl5VXSunA94np31Ur9ehFHEZ2gU3SOPHSJ6ugWNVATMaTQM3pFb86T8+K8Ox/z1oKzmDlGS3A+fwDqf5F1</latexit>lo

g e
 (S

ur
vi

va
l p

ro
ba

bi
lit

y)

0

−3

−6

−9

Time (in ps)
0 3 6 9

lo
g e

 (S
ur

vi
va

l p
ro

ba
bi

lit
y)

0

−3

−6

−9

Time (in ps)
0 3 6 9

c

Survival

Lifetime dist.



Correlated dynamics…
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Connections …. only a glimpse

N(t)
N(0)

≠ e−k(E)t

Multi-exponential 
[Marcus, Hase, Swamy 
1984]

Stretched exponential/power law 
[Ezra, Waalkens, Wiggins 2009]

Exponential/power law 
[Shojiguchi, Li, Komatsuzaki, Toda 
2008]

Lange, Bäcker & Ketzmerick 
EPL 116, 30002 (2016)

Paskauskas, Chandre, Uzer 
JCP 130, 164105 (2009)

Shirts & Reinhardt 
JCP 77, 5204 (1982)

Leitner & Wolynes 
 JCP 105, 11226 (1996)



An analogy of sorts …

At a junction, independent 
resonances delocalise energy  

``Dynamical stability”

More resonant structures 
delocalise charge 

``Energetic stability”

Carbocations



1. Is quantum sensitive to the junction?
~ Yes, modulo dynamical tunnelling

SCCl2 IVR dynamics: Manikandan and Keshavamurthy, PNAS (2014) 

Martens’ model & connections to LRMT: Karmakar and Keshavamurthy, PCCP (2020)

Arnold 
diffusion

Chirikov 
overlap

Nekhoroshev 
stability

Planck 

~
Slow Fast
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of molecular parameters is then identified for which the most-probable value of the self-energy is
in fact infinitesimally small, or, similarly, where the average inverse participation ratio is finite.

Consider first the self-consistent analysis of the !mp. Let µ = !mp + η, η → 0,

!j(E) =
KQ∑

Q,k "=j

|ψQ,jk|2µ(E)

(E − εQ,k − Ek)
2 + µ2(E)

. (15)

When the eigenstates of H are localized µ → 0 and, upon averaging over the matrix elements
coupling states of each order of the anharmonicity, the following approximation to the probability
distribution for !j on the localized side of the transition is obtained [230],

f (!j) ≈ γ!
−3/2
j exp(−πγ 2/!j), (16)

where

γ = µ1/2
∑

Q

KQ〈|ψQ|〉DQ(E), (17)

and DQ(E) is the average local density of states a distance Q away, which can be expressed in
terms of the site-diagonal energy Green function, Gjj(E),

DQ(E) = −π〈ImGQ,jj(E)〉. (18)

Defining the local density of states as

ρQ(E) = KQDQ(E), (19)

we find that for localized states !̃mp is given by [12,230]

!̃mp = T(E)(1 − T(E))−1, T(E) < 1, (20a)

T(E) ≡ 2π
3




∑

Q

〈|ψQ|〉ρQ




2

. (20b)

2.3.1. Statistical properties of localized vibrational eigenstates

Well beyond the extended side of the transition, we expect the statistical properties of the vibra-
tional eigenstates to correspond to those predicted by the Gaussian orthogonal ensemble (GOE)
[187]. The GOE serves as a good predictor of statistical properties of spectra in the semi-classical
limit when the corresponding classical dynamics is chaotic [233–241]. We shall see that LRMT
goes over to this limit. For now we adopt LRMT to address the statistical properties of the
vibrational eigenstates on the localized side of the transition, T(E) < 1.

The transition parameter, T(E), is expressed in terms of the average coupling 〈|ψQ|〉, the
connectivity, KQ, and the normalized density of states, DQ(E), that lie a distance Q from state |j〉.
It follows from Equation (20) that the condition 0 ≤ T(E) < 1 must be satisfied for states on the
energy shell around E to be localized. When T(E) = 1, !̃j(E) diverges, indicating a transition
to extended states. For T(E) > 1, there is no solution to Equation (20), and eigenstates of H at
energy E are extended. Using the relation between y ≡ |cjλ|2 and !̃j(E) given by Equation (8)
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Conjecture: Influence of junctions minimal?

Quantum ergodicity transition:

Resonance-assisted tunnelling

Chaos-assisted tunnelling



2. Stable chaos
Nekhoroshev’s theorem
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inhibitors have been shown to enhance sweet perception53 •
54

. 

The biochemical and molecular biological characterization of 
taste transduction has previously been hindered because taste 
receptor cells comprise only a small inaccessible fraction of the 
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An example of stable chaos in 
the Solar System 
Andrea Milani & Anna M. Nobli* 

Gruppo di Meccanica Spaziale, Dipartimento di Matematica, 
Universita di Pisa, Via Buonarroti 2, 1-56127 Pisa, Italia 
Observatoire de Paris, Meudon, Groupe EUROPA-DAEC, 
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MANY planets have been shown to have chaotic instabilities in 
their orbital motions, but the long-term significance of this is not 
fully understood!. The eccentricity of Mercury, for example, 
changes by about 25% of its value over 40 times the Lyapunov 
time2,3 (the e-folding time for divergence of nearby orbits), but 
the orbit of Pluto, in an integration lasting 50 Lyapunov times4, 

shows no significant change. Here we show that the orbit of the 
near-Jupiter asteroid 522 Helga is chaotic, with an unusually short 
Lyapunov time of 6,900 yr. We integrate its motion, including 
perturbations from the outer giant planets, over a period 1,000 
times longer than this, and find no significant instability. Chaos 
in the orbit of 522 Helga is caused by a 7: 12 resonance with the 
orbit of Jupiter, but the size of the chaotic region in phase space 
is small; stability is ensured because the eccentricity and precession 
of the orbit are such that it avoids close encounters with Jupiter. 
Asteroid orbits with larger proper eccentricity would, we suggest, 
be genuinely unstable, consistent with the sparse asteroid popula-
tion near Helga. Although Helga is the first clear-cut example of 
a stable chaotic orbit, we argue that 'stable chaos' may be a rather 
common feature of Solar System dynamics. 

A dynamical system with a positive maximum Lyapunov 

* To 'whom correspondence should be addressed at the Observatoire de Paris. 
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lingual epithelium_ Using PCR we have cloned a-gustducin, a 
novel taste-cell-specific G-protein subunit In like fashion, it 
should be possible to clone other components of the taste 
transduction pathways_ 0 
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exponent is defined to be chaotic_ An indication of the maximum 
Lyapunov exponent can be obtained by monitoring the function 

! v( t)! 
y(t) = log I;;r (1) 

where v(t) is the solution of the equations of relative motion, 
linearized around the solution under study, with initial condi-
tions v(O) = Vo chosen at random_ Figure la shows such a 
function for the orbit of the asteroid 522 Helga_ By definition, 
the maximum Lyapunov exponent is lim,_+oo 1'( t)/ t. For Helga, 
the best fit over a 7-Myr integration has a slope of 1.45 x 
10-4 yr- 1, so the Lyapunov time is only -6,900 yr. There is no 
way to know whether such a rate would be maintained for all 
time, but the divergence of two nearby orbits by a factor 
-exp (1,000) certainly appears as a very strong form of local 
instability. We have calculated the reference orbit of 522 Helga, 
as well as the variational equations, within a fairly complete 
physical model in three dimensions. It accounts for the full 
gravitational perturbations of the outer planets Jupiter, Saturn, 
Uranus and Neptune on the massless asteroid. Perturbations by 
the inner planets are not important for outer-belt asteroids such 
as Helga, so they have been neglected. All initial conditions 
have, however, been referred to the centre of mass of the inner 
Solar System, to decrease the secular effects of the neglected 
perturbations, The observed chaotic behaviour is therefore not 
an abstract property of some simplified model, but is intrinsic 
to the orbit of the real asteroid_ In fact, simpler models give 
qualitatively similar results. The actual value of the Lyapunov 
exponent is, however, sensitive to changes in both the physical 
model and the initial conditions. Values differing by 20% result 
from relative changes of only 10-5 in the initial elements. On 
the other hand, the calculation of the Lyapunov exponent over 
a finite timespan is only an approximation. Calculations over 
different timespans confirm the chaotic character of the orbits, 
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Poisson bracket sense i.e., {Ji,Jj} = 0 for i, j = 1,2, . . . , f . More-
over, the action-angle representation, apart from providing a nat-
ural representation to connect to the QNS, are ideal for under-
standing the stability properties of phase space initial conditions
and describing the geometry of the connected network of the an-
harmonic resonances which mediate the IVR process.

The transformation eq. 22 yields the classical analog of the
Hamiltonian in eq. 5 as

H(J,qqq) = H0(J)+Â
m

Fm
f

’
j=1

�
2
p

Jj cosq j

�mj

⌘ H0(J)+ e Â
r

fr(J)cos(r ·qqq) (23)

where, with r = (r1,r2, . . . ,r f ) 2 Z f \{0}, the factor e has been in-
troduced as a bookkeeping term and fr(J), related to the coupling
constants Fm, are functions of the zeroth-order actions. For e = 0

we have an integrable system and the actions are conserved quan-
tities. The system is called as near-integrable for sufficiently small
e ⌧ 1, whereas for larger values of e one has a nonintegrable sys-
tem with a phase space composed of both regular and chaotic
dynamics. The key terms for IVR in eq. 23 come from the slow
variation of certain angle variables i.e., ẏr ⌘ d(r ·qqq)/dt ⇡ 0. Such
a condition implies r ·WWW ⇡ 0, leading to a nonlinear resonance due
to the commensurability between certain mode frequencies.

In order to understand the “geography" of the resonances con-
sider the zeroth-order frequencies WWW0(J) ⌘ —JH0. A resonance
condition r ·WWW0(J) ⇡ 0 among the different frequencies, satisfied
for resonant actions Jr, implies the condition Rr(Jr) = 0 repre-
senting a ( f � 1) dimensional surface in the zeroth-order action
space. A sketch of the geometry is shown in Fig. 5 for the f = 3

case. Each independent resonance is thus represented by an ap-
propriate surface. A resonant surface intersects the ( f �1) dimen-
sional constant zeroth-order energy surface H0(J) = E0 forming a
( f � 2)-dimensional surface. The collection of all such ( f � 2)-
dimensional surfaces forms an intricate connected network called
as the Arnold web. Note that the web is connected only for f � 3.
For finite coupling e 6= 0, the resonance surfaces gain widths pro-
portional to

p
e and their order.

As indicated in the sketch in Fig. 5, a specific resonance may
or may not intersect the constant energy surface. Moreover, in-
tersection of independent resonances to form junctions is also
dependent on the energy of interest. Nevertheless, on a given
energy surface the resonances form a dense, interconnected net-
work. One such example is shown in Fig. 5, representing a en-
largement of a portion of a computed Arnold web. This is due to
the fact that in f � 3 existence of even one junction implies the
existence of an infinity of resonances! Thus, if two independent
resonances r ·WWW0(J)⇡ 0 and r0 ·WWW0(J)⇡ 0 then

l(r ·WWW0(J))+m(r0 ·WWW0(J))⇡ 0 (24)

for all integers (l,m) 6= (0,0). How does one even attempt to de-

monodromy effects may not be very relevant for the regimes of IVR we are interested
in.

scribe the IVR in the presence of such complexity? The answer
lies within a powerful approach introduced by Nekhoroshev277

nearly half a century ago. Accordingly, one considers all reso-
nances up to a finite order K and neglects all other higher order
resonances. Following Nekhoroshev one can now define three
domains on the Arnold web

1. No-resonance domain: These correspond to points on the
web that are “far enough" from all the resonances. The dy-
namics is nearly integrable in such domains with the fre-
quencies WWW0 remaining unchanged.

2. Single resonance domain: These are regions which are influ-
enced by only one resonance of order less than K. The dy-
namics is again nearly integrable, but the frequencies are no
longer constant and can change in a direction (usually called
as the fast-drift direction) that is transverse to the resonance
zone. There is also the possibility of diffusion along a res-
onance (as indicated by the direction labeled e3 in Fig. 5),
known as Arnold diffusion. However, the Arnold diffusion
timescale is expected to be way too long for any relevant
molecular consequences and will not be discussed further
here.

3. Double resonance domain: Here the point on the web is in
the vicinity of a junction and, hence, under the influence
of at least two independent resonances of order less than
K. The dynamics is now non-integrable, leading to chaotic
motion which, however, is bounded.

From a molecular perspective the different domains correspond
to the different types of IVR dynamics that one can expect from a
ZOBS. The first case corresponds to no IVR, the second to a reg-
ular IVR with a polyad as in a single stretch-bend resonance, and
the third case to irregular IVR with, as we shall see below, ap-
proximate polyads. Note that in the last case the IVR can exhibit
a range of behaviour depending on the order and the number of
independent resonances that form the junction.

Given the set up as above, the celebrated Nekhoroshev’s theo-
rem provides results regarding the stability of various types of ini-
tial conditions on the Arnold web. Roughly speaking§, for e < 1,
an initial condition (J(0),qqq(0)) satisfies

||J(t)�J(0)|| e1/2( f�m) (25)

for times
|t| exp

⇣
ce�1/2( f�m)

⌘
(26)

with c being a positive constant and m being the multiplicity of
the domain. Thus, for single resonance domains m = 1, whereas
for double resonance domains m = 2. In other words, initial con-
ditions near junctions are more stable as compared to being near

§ Note that the precise statement of the theorem requires several technical definitions.
We do not go into them here for two main reasons. Firstly, the technicalities, while
very relevant, are beyond the scope of this Perspective, and our intention here is
to convey the “spirit" of the theorem. Secondly, several excellent accounts 278–280

of the Nekhoroshev theorem can be found in the literature that are amenable to
non-mathematicians.
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f: degrees of freedom ~ 3N-6, m: multiplicity of the junction  
(How many independent resonances intersect?)

For large molecules junctions of  
various multiplicities….non-RRKM? 

Will quantum effects ``de-trap”?



3. Use the junctions to control?
``Field chirping” for polyatomic molecules…

shows that our ad hoc inclusion of the third degree of freedom
will nevertheless be dynamically similar to the full Bunker model,
given that we are at energies far away from the equilibrium geom-
etry. Thus, we do not claim that the models represent any specific
molecule. The emphasis here is to qualitatively illustrate the con-
nection between dynamics on the web and the “RRKMness" of the
models.

First, we consider the two models, 8D and 2, predicted by
Bunker to be non-RRKM and RRKM respectively. In Fig. 12A and
B the Arnold webs for model 2 and 8D respectively are shown as
a function of the coupling strength (cf. eq. 39) e. Note that the
webs are shown at a total energy below the dissociation energy.
Specifically, the energies in Fig. 12 correspond to E = 0.9D with
D being the lower of dissociation energies indicated in Table 2.
As a function of e, a much more rapid onset of chaotic dynam-
ics for the model 2 is evident from Fig. 12A. In contrast, Fig. 12B
clearly shows that there are significant structures that persist even
at moderate coupling strengths for model 8D. Estimates based
on the zeroth-order Hamiltonian suggest that the for e ⇠ 0.5, the
lower FLI value region around (J1,J2) ⇡ (3,6) corresponds to a
junction.

In Fig. 13 the webs for six different Bunker models are shown
for the full coupling strength i.e, e = 1. As can be seen from
Fig. 13(a), model 2 shows almost no structure and extensive
chaos. On the other hand Fig. 13(e) for model 8D indicates that
the junction continues to influence the IVR dynamics. Of the four
other Bunker models shown in Fig. 13, models 3 and 7 are in the
RRKM regime according to Bunker’s computations. Consistently,
one can see that these models already show strongly chaotic dy-
namics with no evidence of junctions being present. The other
two models 8A and 10 are predicted to be non-RRKM by Bunker
and clearly, as shown in Fig. 13(d) and (f) respectively, residual
structures in the phase space can be seen.

As mentioned above, analyzing the Bunker models in terms of
the scaling theory254 of Schofield and Wolynes is of some interest.
As the quantum dynamics of the models are yet to be studied in
detail, in Fig. 14 the classical smoothed survival probabilities Cv(t)

(cf. eq. 30) for initial states corresponding to |v1,v2,v3i= |6,9,4i
(for model 2) and |3,4,3i (for model 8D) are shown for increas-
ing coupling strengths. Based on the understanding gained from
the Cv(t) results for the model effective Hamiltonian shown in
Fig. 8, we expect the presence of a junction to lead to multiple
time scales. This expectation is borne out in Fig. 14(b) for model
8D. The early time decay scales as Cv(t) ⇠ t

�0.76 and at longer
time as Cv(t) ⇠ t

�0.12. The origin of such multiple exponents, as
shown in the previous study on the SCCl2 system256, is due to
the heterogeneous nature of the phase space as seen explicitly in
Fig. 12-13. In contrast, for model 2 the result in Fig. 14(a) shows
a transition to single exponent decay Cv(t)⇠ t

�0.88. Note that the
exponent is close to being consistent with the expected t

�( f�1)/2

diffusive scaling, suggesting an almost complete transition to the
statistical regime.
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Fig. 13 The Arnold webs for e = 1 projected on (J1,J2) space at 90% of
the dissociation energy for Bunker models (a) 2, (b) 3, (c) 7, (d) 8A, (e)
8D, and (f) 10.

6 Concluding thoughts and future chal-
lenges

Our results and discussions up until now have sought to bring
out the explicit classical-quantum correspondence involving the
dynamics of energy flow in polyatomic molecules. Decades ago,
Crim329 pointed out that “The notion of exciting a particular mo-
tion in a molecule in order to control the breaking of a chemical
bond is very appealing, but its implementation requires a sophis-
ticated understanding of vibrationally energized molecules and
unimolecular reactions". What we have attempted to establish in
this Perspective is the sort of “sophisticated understanding" that
may be required to fully understand the mechanism and appreci-
ate the complexity of IVR. For sure we now have powerful tools
to understand the classical dynamics in large dimensional phase
spaces, and therefore extend/question the beautiful insights into
IVR and reaction dynamics obtained in lower dimensional sys-
tems. However, there are still challenges that require conceptual
advances and, in this context, connections to other areas of re-
search allows for a broader perspective on the relevant issues.
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``Gentle” nudges through chaos 
from one junction to another?

HCN dissociation 
Yadav, Karmakar, Keshavamurthy (unpublished)



Quo vadis?
• Which junctions important? Quantum, Classical…. 

• Mapping the web for large systems? 

• Junctions unimportant in the presence of a ``bath”? 

• Nonadiabatic dynamics….

``Adiabatize”
``BO” slow web
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