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Molecular dynamics: adiabatic vs nonadiabatic

• Slow nuclear motion: Born-Oppenheimer approximation (1927)

Ψ(r, x, t) = χ(r, t)ψ(x; r), ∂tψ = 0: adiabatic hypothesis

• Electronic spectral problem (difficult!): Ĥe(r)ψ(r) = E(r)ψ(r)

• Lowest order expansion around electronic-to-nuclear mass ratio:

MkR̈k = −∇RkE(R1, . . . , RN)

BO: classical nuclear trajectories + electronic steady state

• The adiabatic hypothesis is often unsatisfactory → go nonadiabatic!

• The appearance of classical motion in BO leads to searching mixed

quantum-classical models for nonadiabatic dynamics

• Standard approach: truncate Born-Huang expansion (electronic basis)

Ψ(r, x, t) =
N∑

k=1

χk(r, t)ψk(x; r) and pick χk(r, t) ≈ χk(r; qk(t), pk(t))︸ ︷︷ ︸
Gaussian wavepacket

Issues: 1) difficult spectral problem for ψk; 2) not Hamiltonian; etc.



Zoo of mixed quantum-classical models

• Mean-field theory (no correlations, more later):

• Surface hopping and its variants (widely accepted, violates uncertainty)

• Wavefunction factorizations (difficulties with classical limit)

• Bohmian/hydrodynamic approaches (inconsistent classical limit)

• Quantum-classical Liouville equation (violates uncertainty)

• Semiclassical Vlasov/Wigner eqns (insufficient/inadequate)

Available approaches suffer from consistency issues → the search is open!

We consider methods involving a true classical component (no Born-Huang)



The quantum-classical Liouville equation (QCLE)

In 1981, Aleksandrov and Gerasimenko independently proposed an equa-

tion for the hybrid quantum-classical density

ρ̂ ⊗ ρ(q, p) −→ P̂ (q, p, t)

The quantum-classical Liouville equation reads (see Kapral’s work)

∂P̂
∂t

= −iℏ−1[Ĥ, P̂ ]︸ ︷︷ ︸
quantum-like term

+
1

2

(
{Ĥ, P̂} − {P̂, Ĥ}︸ ︷︷ ︸

classical-like term

)
.

• Ĥ = Ĥ(q, p) is the Hamiltonian: Ĥ = (m−1P̂ 2+M−1p2)/2+V (q, Q̂)

Several studies based on this eqn, which is a continuing source of inspiration

However, there are several issues [Agostini & Ciccotti, 07]. For example,

the quantum (and classical) density may be unsigned, thereby invalidating

Heisenberg’s principle. Also applies to surface hopping [Bondarenko &

Tempelaar ’23].



Phase-space density Phase-space density Phase-space density Phase-space density

Momentum density Phase-space density Phase-space density Momentum density

QCLE results for dual avoided crossing [Gu & Schofield ’26]

Potential Energy Surfaces

QCLE dynamics generate spurious 
negativities in both phase-space and 
momentum space. 

(Initial momentum: p0=20 a.u.)



Yes! But it lacks accuracy! Ehrenfest model [Zimmerman & Vanicek ’12]

∂P̂
∂t

+
1

M

∂

∂q
(pP̂) +

∂

∂p
(⟨F̂⟩P̂) = − i

ℏ

[
V̂ (q), P̂

]
, ⟨F̂⟩ = −Tr(P̂∂qV̂ )

Tr P̂
This model underestimates decoherence. . . NEED TO WORK HARDER!

• Need to satisfy a series of stringent consistency criteria. . .

• Among others, we want positivity (quantum, classical) and decoherence

• We focus on modeling; computational performance to be addressed later



A proposal by George Sudarshan [Sudarshan (1976)]

Write classical mechanics in terms of (Schrödinger-like) wavefunctions

Koopman-von Neumann theorem [Koopman, 1931]. LetH(q, p)

be a phase-space function and let χ ∈ L2(R2) satisfy the

KvN equation iℏ ∂tχ = {iℏH,χ}

Then, ρ = |χ|2 satisfies the Liouville eqn ∂tρ = {H, ρ}. Phase is arbitrary.

The Hermitian (self-adjoint) operator L̂H := {iℏH, } is called the Liouvillian

iℏ ∂tχ = L̂Hχ −→ similarity with Schrödinger equation!

Sudarshan proposed hybrid wavefunctions: χ(q, p)⊗ ψ(x) → Υ(q, p, x)



George Sudarshan’s work from 1976

George Sudarshan and Nikolay Bogolyubov with colleagues at the Institute of Theoretical Physics in Kyiv in 1971. 
Courtesy of Viktor Gerasimenko, National Academy of Sciences in Ukraine, Kyiv.

Sudarshan’s hints:

Take tensor product of Koopman and 
Schrödinger wavefunctions

Make classical phases `unobservable’ (we 
don’t measure Hamilton-Jacobi functions!)
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1. Introduction 

The need for interaction between classical and quantum systems 

Classical mechanics is the crystallization of our everyday experiences of matter 
and motion. During this century, we have found, however, that to deal with 
matter in the minute and matter in the subtle we must use qua~tum mecha~.ics 
(Jammer 1966). Quantum mechasfics has many poi~)ts of similarity with classical 
mecb.a~fics and these aid us in developfixg quat~tum mechanics; but there are 
also mazty essential points of differevce. The most important of these points of 
diffcre~lce is that not  all dy~lamical variables can be measured at the same time. 
The dynamical variables constitute a noncommuting algebra from which a commut- 
ing subalgebra is selected by airy possible measurement. Such a state of affairs 
is beyond our everyday experievce, tb.ougb, it may not be totally alie~., in that, 
poetic experience, dream experience and extraordinary states of awareness share 
kinship with the structure of quay;turn mechanics. 

Measurement in quantum mechanics is the physical process by which " p o i n t e r  
readings " are obtained which correspond to numerical values of a commuting 
subalgebra of dynamical variables. The remarkable feature e f  quantum-mechanical 
measurements is that not  all dy~)amical variables can be measured simultaneously 
eve~), in principle. Yet the measureme~,~t of a maximal commuting subalgebra 
of dynamical variables would yield, in the case of pure states, a complete speci- 
fication of tb.e state. Even a pure state can yield a dispersion in the measure- 
merit of ore  or more dynamical variables. So the measurement process should 
be such as to produce classical pointer readings o~1 the one hand;  and lead to 
unambiguous measurements for a " c o m p a t i b l e "  set of measurements, a measure- 
merit of a commuting set of dynamical variables (Bohr 1963; Dirac 1958) on the 
other hand. 
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Sudarshan’s model attracted criticism from several authors [A. Peres & D. Terno ’01]



Using math to overcome the issues in Sudarshan’s theory

We used math to blend Koopman wavefunctions with Hamilton’s action principle:

1. We replaced the original KvN theory with a variant (Koopman-van

Hove, KvH) first appeared in quantization theory (yet fully classical!):

iℏ ∂tχ = {iℏH,χ} − (p∂pH −H)χ

→ this restores information on the classical phases (Hamilton-Jacobi)

2. After starting with two classical systems in the KvH description (χ =

χ(q, p, x, π)), we quantized one of them: χ(q, p, x, π) −→ Υ(q, p, x).

iℏ ∂tΥ = {iℏĤ,Υ} − (p∂pĤ − Ĥ)Υ

→ this corresponds to the quantum-classical hybridization step

3. We applied a gauge principle so that classical phases become a gauge

freedom. Let z = (q, p) and use exact factorization [Abedi et al. ’12]:

Υ(z, x, t) =
√
D(z, t)eiS(z,t)/ℏψ(x, t; z), with

∫ |ψ(x, t; z)|2 dx = 1.

→ makes classical phases S(z, t) unobservable.



Mixed quantum-classical Hamiltonian model

Let P̂(q, p, x, x′) = Υ(q, p, x)Υ(q, p, x′)∗, ⟨Â⟩ = Tr(P̂Â)/TrP̂, and X
Â
= (∂pÂ,−∂qÂ):

iℏ
∂P̂
∂t

+ iℏ div
(
P̂
〈
X
δh/δP̂

〉)

︸ ︷︷ ︸
probability transport

=
[
δh

δP̂
, P̂
]

︸ ︷︷ ︸
unitary evolution

, with h =
∫ 〈

Ĥ TrP̂ + iℏ{P̂, Ĥ}
〉

︸ ︷︷ ︸
Ehrenfest + backreaction

dz

The backreaction energy has an analogue in spin-orbit coupling [C.T. ’26].

Define D = TrP̂ (classical density) and Γ̂ = iℏD−1[P̂,XP̂ ]/2 [Mead ’92]:

∂P̂
∂t

+
1

2

(
{Ĥ, P̂}−{P̂, Ĥ}

)
+div

(P̂
DTr

[
X
Ĥ
, Γ̂
]
JL

)
= − i

ℏ

([
Ĥ, P̂

]
+
[
Γ̂,∇Ĥ

])
,

where [A,B]JL = A · ∇B−B · ∇A.

Reduces to: 1) QCLE for Γ̂ ≃ 0. 2) Ehrenfest if backreaction is neglected.

The idea is not to use this formidable model for practical purposes; rather

use its Hamiltonian structure as a platform for designing new algorithms.



Koopmons – a coupled-trajectory particle method
• Given the system

iℏ
∂P̂
∂t

+iℏ div
(
P̂
〈
X
δh/δP̂

〉)
=
[
δh

δP̂
, P̂
]
, with h = Tr

∫
P̂
(
Ĥ+iℏ{P̂, Ĥ}/TrP̂

)
dz,

the ℏ−term prevents point-particle solutions of the type

P̂(z, t) =
∑

a
waρ̂a(t)δ(z− ζa(t))

• Our strategy: regularize the ℏ-term by replacing

P̂ → P̄ =
∫
Kα(z− z′)P̂(z′) d6z.

whereKα is a (Gaussian) mollifier depending on a regularization parameter α

• The regularized energy reads: h̄ = Tr
∫ (

P̂Ĥ+ iℏP̄{P̄, Ĥ}/TrP̄
)
dz

• As the point-particle (koopmon) ansatz is now an exact solution, the

latter yields the Hamiltonian particle scheme (w. Ks(z) = K(z−ζs))
q̇a = w−1

a ∂pah, ṗa = −w−1
a ∂qah, iℏρ̇a = w−1

a [∂ρah, ρa],

h =
∑

a
wa
〈
ρa, Ĥa+iℏ

∑

b

wb[ρb, Iab]
〉
, Îab =

∫
Ka{Kb, Ĥ} −Kb{Ka, Ĥ}

4
∑
cwcKc

d2z.



Numerical validation: Tully models

In Pauli matrix notation: Ĥ(r, p) =
p2

2M
+H0(r)1+H1(r)σ̂z+H2(r)σ̂x

• Tully 1 model: H0 = 0, H1 = a sgn(r)(1− e−b|r|), and H2 = ce−dr2

• Tully 2 model: H0 = e0 − ae−br2, H1 = −H0, and H2 = ce−dr2

• Tully 3 model: H0 = 0, H1 = a, and H2 = 2bΘ(r)− b sgn(r)e−c|r|

By passing through these coupling areas, parts of the wavepacket move from the lower to the
upper surface. The third model is known to present a typically challenging test case, modeling
not only the transmission of wavepackets as in Tully I and II, but also involving reflection e↵ects.
All results presented in this paper are based on initializations in low (I+II) or intermediate
(III) momentum regimes, which are known to be more challenging test cases than those with
high initial momentum.

�15 �10 �5 0 5 10 15

�1

0

1

·10�2

Position (in a.u.)

E
n
er

g
y

(i
n

a
.u

.)

Tully I

�15 �10 �5 0 5 10 15

�5

0

5

·10�2

Position (in a.u.)

Tully II

�15 �10 �5 0 5 10 15

�0.2

0

0.2

Position (in a.u.)

Tully III

Figure 1: Potential energy surfaces for the Tully models.

In the MQC implementation, each Tully model corresponds to a di↵erent Hamiltonian of
the type (16). In particular,

bH(q, p) =

✓
p2

2M
+ H0(q)

◆
1 + H1(q)�̂x + H3(q)�̂z, (19)

with model-dependent functions H0, H1, and H3. Otherwise, except for the initial conditions,
the same input parameters listed in Section 3 were used across all three Tully models. These
are: Input 1) The classical subsystem is characterized by an e↵ective mass M = 2000. Input 2)
The number of particles was set to N = 1000. Input 3) The kernel width was set to ↵ = 0.325.
Input 6) The time increment was set to dt = 2. Input 7) The width of the initial Gaussian
wavepacket is linked to the initial momentum via the relation �q = 20/(

p
2µp) [3, 36]. The

parameter values in items 2) and 6) allow us to run the simulations on a laptop machine,
thereby avoiding the need for computer clusters. As for the modeling parameter ↵, values as
high as ↵ = 0.75 were also used on some occasions and we found that ↵ = 0.5 already allows for
a good comparison with the fully quantum results in all the cases considered in this work. The
same holds by taking the number of particles down to N = 500. The final values N = 1000 and
↵ = 0.325, chosen to be the same for all Tully models, are the result of a compromise between
the computational cost associated to the evaluation of the integrals Iab in (13) and the need
for satisfactory accuracy levels for all Tully models. Notice that the chosen value of ↵ is well
above the ↵ = 1/20 used in previous bohmion simulations of the Tully models [36]. Indeed,
in that case, such low values of ↵ and their corresponding fine integration grid are required by
the complexity of the integrals Iab in (18), which comprise the regularization of the quantum
potential.

4.1 Tully I: single avoided crossing

The hybrid Hamiltonian for Tully I results from (19) upon letting

H0(q) = 0, H1(q) = ce�dq2

, H3(q) = a sgn(q)
�
1 � e�b|q|�,

with a = 0.01, b = 1.6, c = 0.005, d = 1. A plot of the corresponding potential energy
surfaces (PESs) can be found in the left box of Figure 1. These PESs are defined as the q-
dependent eigenvalues of the 2⇥ 2 matrix H0(q)1 + H1(q)�̂x + H3(q)�̂z. In the classical sector,

13

Initial condition: Gaussian wavepacket ⊗ spin-up state

|ψ0⟩ = (π∆2
0)

−1/4
exp

(
−(r − r0)

2/∆0
2 + i2k0r

)
/2⊗|+⟩, with ∆0 = 20/k0

Outputs: we plot phase-space dynamics as well as

Population: ρ̂11 = 1− ρ̂22 , purity: ∥ρ̂∥2 = Tr ρ̂2

We also compared with a similar coupled-trajectory code based on Bohmian dynamics
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Quantum purity: 
‖ρ‖2 ≥ 1/2

-- Quantum reference
-- Koopmons code
-- Ehrenfest code
-- Bohmion code

Laptop simulations: single avoided crossing

1000 particles; α=0.325; Δt=2 

Ehrenfest BohmianWigner Koopmons

By passing through these coupling areas, parts of the wavepacket move from the lower to the
upper surface. The third model is known to present a typically challenging test case, modeling
not only the transmission of wavepackets as in Tully I and II, but also involving reflection e↵ects.
All results presented in this paper are based on initializations in low (I+II) or intermediate
(III) momentum regimes, which are known to be more challenging test cases than those with
high initial momentum.
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bution starts to develop negative values, identifying purely quantum e↵ects. While Ehrenfest
dynamics (third column) fail to reproduce the final configuration, we can see that for the
bohmion method (last column) some particles have shifted towards regions of lower momen-
tum. However, as hinted above, the chosen model parameter ↵ = 0.325 is not small enough
for bohmions to allow for the splitting to be captured precisely. The koopmon method (second
column) yields the best results at all times. In particular, as we can see in the snapshot for the
final time, a substantial number of particles have moved to the region of lower momentum and
the onset of a splitting can be observed.

Quantum sector. The results in the quantum sector can be found in Figure 3. In addition
to the purity plots at the right-hand side, we also illustrate the populations, which represent the
proportion of the system in either the ground or the excited state. In the SOFT simulations, the
population on the ground state is calculated as P1(t) =

R
|hv1(r)| (r, t)i|2 dr, where v1(r) 2 C2

denotes the eigenvector of bHI(r) corresponding to the smaller eigenvalue. For the particle
methods, we have P1(t) =

P
a wahva,1(t)|%̂a(t)va,1(t)i, where va,1(t) := v1(qa(t)). The population

on the excited state is given by P2(t) = 1 � P1(t).
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Figure 3: Population (left) and quantum purity (right) for Tully I.

The left-hand side population plots show that between times t ⇡ 1000 and t ⇡ 2250, the
koopmon method (green) has di�culties to reproduce the values obtained by the quantum
solution (red). We observe that in this time region the negative values of the Wigner function
become distinctively visible in the fully quantum simulation: these negative values produce
purely quantum e↵ects that are not captured by the MQC koopmon method. However, for the
final times, similar to the Ehrenfest (orange) and bohmion (blue) simulations, the koopmons
successfully capture the correct population levels. The purity results show that the koopmon
method yields good agreement with the quantum solution at all times. In particular, at the
final time, we can see that the error for both the bohmions and the koopmons is very similar.
However, the koopmons slightly overestimate, while the bohmions underestimate the correct
purity levels. In comparison, Ehrenfest dynamics exhibit small overdecoherence, indicated by
lower purity values.
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1000 particles; α=0.325; Δt=2 
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Figure 5: Population (left) and quantum purity (right) for the model system Tully II.

the potential barrier, resulting in a reflection. This reflection causes the wavepacket to travel
through the extended coupling region again, producing further nonadiabatic transitions. In
the classical sector, the initial mean values for position and momentum (Input 7) are chosen as
(µq, µp) = (�15, 20), following [52]. The intermediate momentum value is chosen to allow for a
visual comparison with the fully quantum Wigner dynamics over a su�ciently long simulation
time, which would be more di�cult to plot for lower momentum values. Moreover, in the
quantum sector, the initial density matrix represents the ground state, which in this case
corresponds to the choice ⇢̂0 = v0v

†
0 for v0 = (0,�1)T .

Classical sector. Figure 6 shows the snapshots up to the time t = 3500. At time t = 1500
(second row), the Wigner distribution shows a branching. The koopmon method captures
this branching very well, while the other particle methods only show a slight squeezing of
their particle clouds. At later times, two distinct parts of the wavepacket emerge – one with
positive momentum at the top and one with negative momentum at the bottom. Note that the
negative momentum corresponds to the reflected part of the wavepacket. The koopmon method
reproduces this formation very well. Also, in the particle cloud for the last snapshot, the lower
part is well separated from the rest, while the upper part appears connected to a trail of particles
extending toward the origin of phase space. This is not surprising, since in the last snapshot we
can see that the Wigner distribution also forms positive density around the phase-space point
(10,10). In contrast to the koopmon dynamics, both Ehrenfest and bohmion simulations only
show an increase in the squeezing of the wavepacket over time, without capturing the splitting.

Quantum sector. Figure 7 shows the superior performance of the koopmon method over
the other particle methods in the quantum sector. While all methods accurately reproduce the
population levels up to around t ⇡ 2000, only the koopmon method maintains accurate values
at later times. In the Ehrenfest and bohmion simulations, the populations remain constant
for later times. Even though the koopmon method does not exactly match the levels of the
quantum solution, it stands out as it shows an increase in population (for the ground state)
around t ⇡ 2200, which is a result of the reflection of the wavepacket on the upper surface.
A similar pattern is observed in the purity plots on the right-hand side. Until approximately
t ⇡ 2000, the curves of all methods overlap. However, after this point in time, the purity levels
of the fully quantum solution go up again – a pattern captured exclusively by the koopmon
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Figure 131: Tully 2 (p0 = 16). All N = 1000. SOFT (red), koopmons ↵ = 0.325 (green),
Ehrenfest (orange), bohmions ↵ = 0.325 (blue).
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Quantum purity: 
‖ρ‖2 ≥ 1/2
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Laptop simulations: dual avoided crossing

By passing through these coupling areas, parts of the wavepacket move from the lower to the
upper surface. The third model is known to present a typically challenging test case, modeling
not only the transmission of wavepackets as in Tully I and II, but also involving reflection e↵ects.
All results presented in this paper are based on initializations in low (I+II) or intermediate
(III) momentum regimes, which are known to be more challenging test cases than those with
high initial momentum.
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Figure 1: Potential energy surfaces for the Tully models.

In the MQC implementation, each Tully model corresponds to a di↵erent Hamiltonian of
the type (16). In particular,

bH(q, p) =

✓
p2

2M
+ H0(q)

◆
1 + H1(q)�̂x + H3(q)�̂z, (19)

with model-dependent functions H0, H1, and H3. Otherwise, except for the initial conditions,
the same input parameters listed in Section 3 were used across all three Tully models. These
are: Input 1) The classical subsystem is characterized by an e↵ective mass M = 2000. Input 2)
The number of particles was set to N = 1000. Input 3) The kernel width was set to ↵ = 0.325.
Input 6) The time increment was set to dt = 2. Input 7) The width of the initial Gaussian
wavepacket is linked to the initial momentum via the relation �q = 20/(

p
2µp) [3, 36]. The

parameter values in items 2) and 6) allow us to run the simulations on a laptop machine,
thereby avoiding the need for computer clusters. As for the modeling parameter ↵, values as
high as ↵ = 0.75 were also used on some occasions and we found that ↵ = 0.5 already allows for
a good comparison with the fully quantum results in all the cases considered in this work. The
same holds by taking the number of particles down to N = 500. The final values N = 1000 and
↵ = 0.325, chosen to be the same for all Tully models, are the result of a compromise between
the computational cost associated to the evaluation of the integrals Iab in (13) and the need
for satisfactory accuracy levels for all Tully models. Notice that the chosen value of ↵ is well
above the ↵ = 1/20 used in previous bohmion simulations of the Tully models [36]. Indeed,
in that case, such low values of ↵ and their corresponding fine integration grid are required by
the complexity of the integrals Iab in (18), which comprise the regularization of the quantum
potential.

4.1 Tully I: single avoided crossing

The hybrid Hamiltonian for Tully I results from (19) upon letting

H0(q) = 0, H1(q) = ce�dq2

, H3(q) = a sgn(q)
�
1 � e�b|q|�,

with a = 0.01, b = 1.6, c = 0.005, d = 1. A plot of the corresponding potential energy
surfaces (PESs) can be found in the left box of Figure 1. These PESs are defined as the q-
dependent eigenvalues of the 2⇥ 2 matrix H0(q)1 + H1(q)�̂x + H3(q)�̂z. In the classical sector,
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Bohmian particle code necessitates a
much finer integration grid parameter (α
∼ 0.02) with resulting increased costs.
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Figure 153: PES for the Tully 3 model

14 Summary of Tully 3 (p0 = 30)

14.1 Dynamics in the classical sector

In this section we focus on the Hamiltonian

Ĥ(q, p) =
p2

2m
�̂0 + H0(q)�̂0 + H1(q)�̂x + H3(q)�̂z

with functions H0(q) = 0, H1(q) = b(2 � e�cq), if q > 0, H1(q) = becq, if q  0, H3 = a and
parameters

m = 2000, a = 0.0006, b = 0.1, c = 0.9.

A plot of the corresponding PES can be found in Figure 153.

14.1.1 Initialization and reference solver

In the classical sector, the initial condition for all particle methods (koopmons, Ehrenfest,
bohmions) is chosen as a Gaussian distribution centred in the phase-space point z0 = (�15, 30)
with standard deviation �q = 20/(

p
2p0) in position and �p = 1/(2�q) in momentum space.

The initial wave packet in the SOFT simulation is chosen as in the previous example.
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Quantum purity: 
‖ρ‖2 ≥ 1/2

Laptop simulations: double arch

500 particles; α=0. 5; Δt=2 
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Rabi Hamiltonian: ultrastrong coupling

2 Summary of the ultrastrong regime II

In this section we focus on the following Hamiltonian (~=1):

Ĥ(q, p) =
1

2

✓
m!2q2 +

p2

m

◆
�̂0 + �q�̂z + C0�̂x

The experiments in this section are based on the parameters

m = ! = 1, � = 0.29, C0 = 0.35.

In particular, the considered Hamiltonian is a variation of the quantum Rabi model in the
so-called ultrastrong coupling regime.

2.1 Dynamics in the quantum sector

2.1.1 Numerical experiments (N = 2000 and N = 500 for ↵ = 0.5)

In Figure 25 we compare the wave packet dynamics obtained with SOFT (first column) with the
results obtained with the koopmons (second column), the Ehrenfest method (third column) and
the bohmions (last column). For all methods we used the same number N = 2000 of particles,
the same regularization width ↵ = 0.5 and the same time step dt = 0.1. Figure 26 shows the
same comparison for N = 500.
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Figure 1: PES for the ultrastrong coupling regime

1 Summary of the ultrastrong regime

In this section we focus on the following Hamiltonian:

Ĥ(q, p) =
1

2

✓
m!2q2 +

p2

m

◆
�̂0 + �q�̂z + C0�̂x

As usual, �̂x and �̂z denote the first and third Pauli matrices, while �̂0 denotes the identity.
Note that if we replace q $ q̂ and p $ p̂ by the quantum position and momentum operators
q̂ and p̂, respectively, the above hybrid Hamiltonian is transformed into the fully quantum
Hamiltonian operator

Ĥ = !a†a +
�p
2m!

�̂z

�
a† + a

�
+ C0�̂x, (1)

where a and a† are the well-known destruction and creation operators

a =

r
m!

2

✓
q̂ +

i

m!
p̂

◆
and a† =

r
m!

2

✓
q̂ � i

m!
p̂

◆
.

The following experiments are based on the parameters

m = ! = 1, � = 0.25, C0 = 0.35.

In particular, the considered Hamiltonian is a variation of the quantum Rabi model in the
so-called ultrastrong coupling regime and a plot of the corresponding potential energy surface
(PES) can be found in Figure 1. Using this particular test case, we demonstrate the capa-
bilities of the koopmon method in capturing e↵ects that go beyond Ehrenfest dynamics in
both the classical and quantum sector. Additionally, we compare the koopmon method with
results obtained with the fully quantum bohmion method. Even if the bohmion method uses
a significantly larger number of particles and a smaller regularization width, we show that the
koopmon method is still able to outperform the bohmion method in this test case.

1.1 Dynamics in the classical sector

In the classical sector, the initial condition for all particle methods (koopmon, Ehrenfest,
bohmions) is chosen as a Gaussian distribution centred in the phase-space point z0 = (0, 4)
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[48] by resorting to the quantum-classical wave equation discussed in Section 2.1. Our study
covers the ultrastrong and deep strong coupling regimes whose potential energy surfaces are
presented in Figure 8. As we will see, MQC treatments are hardly applicable in these regimes.
Nevertheless, we will show that the koopmon method succeeds in reproducing parts of the fully
quantum solution.
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Figure 8: Potential energy surfaces for the Rabi models.

As for the Tully models presented above, some of the input parameters listed in Section 3
were used for both Rabi models. These are as follows: The classical subsystem is described
by a Hamiltonian of the type (16), with HC(q, p) = (p2/M + M!2q2)/2 with M = ! = 1.
Moreover,

bHI(q) = �q�̂z + C0�̂x (20)

with model-dependent coupling parameter � > 0 and C0 > 0. The latter represents an external
magnetic field driving the spin variable. The number of particles was set to N = 500, while
the kernel width was set to ↵ = 0.5. These parameter values were chosen here to reduce the
numerical costs while retaining su�cient levels of accuracy. We emphasize that the flexibility
in these parameters o↵ers a tailored approach based on the characteristics of the dynamics in
each model. In addition, the width of the initial Gaussian wavepacket is set to �q = 1/

p
2.

20



Rashba-dominated InAs nanowire with quantum dot

500 particles; α=0.5. p0=37.3 eV/c

Quantum purity
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High Rashba-coupling semiconductor: 

In this case, the quantum-classical methods
are taken beyond their regime of validity: full
quantum interference develops very quickly!

Unlike Ehrenfest, the koopmons still capture
qualitative decoherence effects (early bump).



Tackling the curse of dimensions

• Take two dof’s for simplicity:

P̂(z1, z2, t) =
∑

a,b

wawb ϱ̂ab(t) δ(z1 − ζ
(ab)
1 (t)) δ(z2 − ζ

(ab)
2 (t))

with ζ
(a,b)
1 = ζ

(a,b′)
1 and ζ

(a,b)
2 = ζ

(a′,b)
2 , so that f(z1, z2) = f(z1)f(z2).

• Consider the case (applies to most molecular models, can be extended)

Ĥ(z1, z2) = Hc(z1, z2)1+ ĤQ + h2(z2)Ĥ1(z1) + h1(z1)Ĥ2(z2),

• Then, with the notation K
(s)
ℓ = K(zℓ − ζ

(s)
ℓ ), the 4D integral

Îaba′b′ =
∫∫ (

K
(a)
1 K

(b)
2 K

(b′)
2 {K(a′)

1 , Ĥ}1
∑
c,dwcwdK

(c)
1 K

(d)
2

+
K

(a)
1 K

(b)
2 K

(a′)
1 {K(b′)

2 , Ĥ}2
∑
c,dwcwdK

(c)
1 K

(d)
2

)
d2z1d

2z2.

becomes a quadratic combination of 2D-integrals

Îaba′b′ = Î(aa′)
1 J (bb′)

2 + I(aa′)
1 Ĵ (bb′)

2 + I(bb′)
2 Ĵ (aa′)

1 + Î(bb′)
2 J (aa′)

1 .

with Î(ss′)
ℓ :=

∫ K
(s)
ℓ {K(s′)

ℓ , Ĥℓ}ℓ
∑
cwcK

(c)
ℓ

d2zℓ, Ĵ (ss′)
ℓ :=

∫ K
(s)
ℓ K

(s′)
ℓ Ĥℓ

∑
dwdK

(d)
ℓ

d2zℓ,



ciao

Ongoing directions:

• Higher-dimensional implementation

• Problems with multiple-level systems (electron/proton transfer models)

• Hydrodynamic closures (solute-solvent interaction)

• Mixed quantum-classical entropies (von Neumann doesn’t work!)

• Mixed quantum-classical spin systems (radical pairs, spintronics)



Need for more initiatives at the math/chemistry interface

• The new level of computational capability promises to accelerate molec-

ular sciences across countless fields and profoundly benefit society

• Need to optimize balance between accuracy and computational cost

• The current mainstream approach develops data science/machine learn-

ing tools to optimize the computational efficiency of existing schemes

• However, many current schemes hinge on mathematical models from

39–99 years ago (BOMD, DFT, SH), when the accuracy, transferabil-

ity, and approximations were dictated by a much lower computer power

• Prioritizing computational speed, the current approach overlooks ques-

tions of transferability and validity of the approximations. These ques-

tions call for new flexible mathematical methods retaining the nonlin-

ear dynamics at different scales while allowing computational feasibility

• A pathway for the required paradigm shift involves research programs

for chemists and mathematicians to talk beyond computational speed

• While chemists need to benefit from the guidance of mathematical

structure, mathematicians need to accept flexibility in the use of rigor



That’s all – thank you!
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