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The Hierarchical Equation of Motion (HEOM)

System agnostic
Admits driven systems
Numerically exact for harmonic environments

Admits non-commuting system-bath interactions
Goes beyond Lindblad/Redfield Markovian models

Memory hungry
Computational cost scales exponentially with size of
system and complexity of the environment

Ishizaki and Tanimura, JCP 125 084501 (2006)
Tanaka and Tanimura, JCP 132 214502 (2010)
Tanimura JCP 141 044114 (2014)

lkeda and Scholes, JCP, 152, 204101 (2020)
Tanimura, JCP 153, 020901 (2020)

Yan, Xu, Li, and Shi, JCP 154, 194104 (2021)
Chen and Franco, JCP 160, 204116 (2024)



Harmonic Environments

Useful model of the environment: Collection of harmonic oscillators

- Any environment can be mapped into an effective harmonic environment
(to second order in perturbation theory)

- Dominant behavior in the thermodynamic limit

- The reason why the displaced harmonic oscillator model is so successful in
spectroscopy

Hamiltonian
H = Hs + Hsg + Hp,
00 Wi
Hp = ZWjCL;CLj HSB — QS ® XB
j=1 0 W2
XB = Z(gyaj + Q;CLJ) &

Feynman and Vernon. Ann. Phys. 24 118-173 (1963)
Caldeira and Leggett. Ann. Phys. 149 374-456 (1983)
Sudrez and Silbey, J] Chem. Phys. 95, 9115 (1991)
Makri J. Phys. Chem. B 103, 2823-2829 (1999)
000



Dynamical Map for Harmonic Environments

Hamiltonian H = Hs + Hsg + Hp,

o

Hp = ija;r-aj Hgsp = QS ® XB XB = Z(gja’;r T g;aj)
j=1 g=1

Initially separable state p(0) = ps(0) ® pp'

Exact dynamical map in interaction picture

ps(t) = TF(,0)ps(0) = Texp (= g dtaQ3 (12) [ dta[C (02— 11)Qs(12)] ) s (0)

Notation A*B = AB — BAT

Correlation Function C(t) = (XB(t)XB(0))B.

Spectral Density C(t) = ffooo j(w)fBE(ﬁw)e_iwtdw,
J(w) =32;191%6(w — w;)  (w>0) feE(fw) = (1 —e 7)™
j(w) — J(w) — J(_w) odd extension

Ishizaki and Fleming, J. Chem. Phys. 130, 234111 (2009)
Molinari, arXiv:1710.09248 (2017)
Isserlis, Biometrika 12, 134 (1918) N N K |



Spectral Density: characterizes system-bath interaction

L
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hw

Summarizes frequencies of the bath and interaction strength with
the system



Spectral Density

C(t) = [, T (w) fan(Bw)e ™! duw.

Decomposition the BCF into complex exponentials or features

K
C*(t) = ewe™.
k=1

K
C(t) = Z cre Tkt
k=1

= Solvent: Drude—Lorentz model
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Decomposition the BCF into complex exponentials or features is exact

K K

— = Skt

= che . C(t) — E Ckevkt
k=1 k=1

From residue theorem/Padé or Matsubara expansions

—2mZRes o) fer(BG)e 27”2 Res[frr ()7 (¢/B)e /07,

Z— 1 Z— ‘7

i \

Features from the specitral Features from low
density temperature corrections

Several available methods:
JCP 130, 164708 (2009); JCP 133, 101106 (2010); JCP 151, 024110 (2019)
JCP 152, 064107 (2020); PRL 129, 230601 (2022); JCP 160, 204105 (2024)




Decomposition the BCF into complex exponentials or features is exact

K K
= creht — Vit
k€T C(t) =) cpe
k=1 k=1

From residue theorem/Padé or Matsubara expansions

—2mZRes o) fee(B¢)e 27”2 Res|fpe ()7 (& /B)e /7,

Use this decomposition to decompose the dynamical map

Introduce auxiliary density matrix (ADM) to keep bath information

P :pnl,...,nK N 2071,2,...,N



5 Pi(t) = —iHE + > (nevepa(t) — ing (crQ3 — &@S) pa_i, (t) —1QF payi, (1))
k

Curse of dimensionality: The hierarchy generate an infinite K-
dimensional grid

Tanimura and Kubo. J. Phys. Soc. Jpn. 58, 101-114 (1989)
Tanimura. J. Chem. Phys. 153, 020901 (2020)




X. Chen and I. Franco, J. Chem. Phys. 160, 204116 (2024)

Decomposition of the BCF into K features
K K

C(t) = Z cp(t)  C*(t) = Z Crr(t) —?Pk: Z Vi Yrr (¢

ps(t) = TF(1.0)ps(0) = Texp (= fy dt2Q3 (t2) J;? dir[C (1 — 11)Qs(11)]* ) s (0)

Define Auxiliary Density Matrices (ADMs)

Zk (ng)v/n!

fr(t,0) = cx07 (t,0) — &0 (t,0) Or(s,0) = /0 Qs (W) k(s — u)du

Z, 1S a non-zero c-number: metric




X. Chen and I. Franco, J. Chem. Phys. 160, 204116 (2024)

Put all the ADMs in a vector Q(t)) = Z or(t)|7)
Extended Density Operator =
7)) =n1) @ --- Q [nk)
G |ng) = vVng + 1ing + 1) ak|ng) = /nkng — 1) Bexciton
oo ata raising/lowering
b TETR operators

Equations of motion

iy = <_1H>< ' Zm) Qe 190) = ps(O)0) - @ [0)

. NI _ 1 A
Dy = i + Z View S Lab s A (erQF — EQS) 3 tal — QX Gty
KAk

2, metric (commutes with ny)
Varying BCF decomposition, metric, representation leads to various HEOM
variants o000



X. Chen and I. Franco, J. Chem. Phys. 160, 204116 (2024)

. A /\—1 /\T A A > — < /\—1 /\T X A A
Dy = yppny + E Vik' 2, OOl 21/ (Cst — Cst )Zk . — Qs A2k
k! £k

Open Quantum Dynamics = Dynamics of the System + Bexcitons
(fictitious bosonic quasiparticles)

Depth of HEOM N = Number of bexcitonic levels 0000



d ><
—19(1)) = (—1H ) + Zpk> Q(t)

Dy = yipni + Z View S Labdn e (erQF — EQS) 2 Tal — QX Gy
k! £k
Flexibility:
- Varying BCF decomposition
- Representation: position, momentum, number, etc

-  Metric

—1/2 Standard HEOM

-

number basis " %, =

Scaled HEOM

Bexcitonics

\po\sition basis; 2 = izl

Collective bath coordinate

Q. Shi, et al., J. Chem. Phys. 130, 84105 (2009)
T. lkeda and A. Nakayama, J. Chem. Phys. 156, 104104 (2022)
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Memory needs grow exponentially with number of features

O(N*)

Model spectral density Realistic spectral density
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K: 10s to 100s.

L. P. Lindoy, et al., Nat. Commun. 14, 2733 (2023)

K: typically 1 ~ 5.




Approaches to curb the curse of dimensionality

More efficient BCF decomposition schemes, e.g.

Dé, Jaouadi, Mangaud, Chin and Desouter-Lecomte,
JCP 160, 244102 (2024)

Filter out near-zero ADMs

Q. Shi, L. Chen, G. Nan, R.-X. Xu, and Y. Yan,
JCP 130, 084105 (2009)




Tree Tensor Network HEOM and TENSO

Chen and Franco J. Chem. Phys. 163, 104109 (2025)

Editor’s Pick!
Cover Article!

https://github.com/ifgroup/pytenso

- Enables HEOM computations with highly The Journal of e
] Chemical Physics
structured environments 1
- Implements tensor trains and tensor trees based on time-dependent variational principle for efficent
open quantum dynamics in structured thermal environments
- Three propagation strategies (Direct, PS1 and
PS2) SR
§ 2
- Fixed and variable rank propagation strategies i ;.—?‘EA/\O—EF
3» R TPaed
a";} SO N Rl
- Allows for time-dependent driving and non- —%KZ(J*O@W 5
commuting fluctuations LN
1 )(\ e
- Open-source code TENSO




Tensor Train

Tensor Tree

Our Work

Y. Yan, M. Xu, T. Li, and Q. Shi, JCP 154, 194104 (2021)

Y. Ke, R. Borrelli, and M. Thoss, JCP 156, 194102 (2022)

Y. Ke JCP 158, 211102 (2023)

Fixed Rank + Propagator based on Trotter Splitting
No need for master equations for core tensors

Chen and Franco JCP 163, 104109 (2025)

Tensor Trees + Trains

Master equation for core tensors
Arbitrary Tree Geometry
Arbitrary Order for Tensors
Fixed and Variable Rank

Three Propagation Strategies o000




R
Ay = Z Uik 5KV UlU=VV =1

k=1 semi-unitary matrices

s : singular values (s1 > s9 > sg > 0)

Keep the R largest singular values to compress redundant information in an
array

Raw (R = 587)




TTN: repeated SVDs of a high-order tensor

Tensor Train
Z Chingar U ) [7(2) [7(3)

asnsal asnqgaas nsnegas

aijagas
Tensor Tree ns
3 (1) (2) (3) "
S n
j4n&'“n6 T (jn1n2a1[]a2a3a1[In3n4a2l[n5n6a3 !

ns

ai1a2as \ na
/////’ Neg

Semi-Unitary Tensors

Z aBy Uy = 0y

Root Tensor




TTN decomposition of the extended density operator

Hypothesis: There is significant redundancy in the bexcitonic
space that can be compressed

Extended Density Operator (1)) = Z o7 (t)|1)
n

Put all ADMs in a high-order

tel:]S?)r > ans Qijny..nxe = (Pi)ij

Tree-Tensor Network Decomposition
Bexciton indexes

~_~ inthe leaves
nk)

... (

)

System indexes —

in the root tensor

Polynomial space complexity with K (!)

O((M? + N*)R + KR*N)



Sum of product form for the generator of the dynamics

d
— (1) = L(1)$2(2)
d¢
K
L(t)=—1H(t)+ Y D= hp(t)@hyt)@hl) @@ ).
k=1 m
m_ | k() () b
1 —iHs(t) 1 1
2 1 iHg(t) 1
Sk — 2 1 1 ’Ykk:ﬁk
bk — 1 Ck:QS i ZAk_lOAé;L
Sk 1 _ElfQS ZAk_l(Sé;L
Sk + 1 —(Q)g 1 1%
Sk + 2 1 Qs QL 2L

Parallel to Multi-configurational time-dependent Hartree

H. Wang and M. Thoss, JCP 119, 1289 (2003)
0000



Master Equation for Core Tensors

Time Dependent Variational Principle

DD (I 2103] - Kﬁ — (i) Q(t)] = 0

’I:jnl-..nK

o i i n>
Root Tensor — Simpler Dynamics [ ) = " ]

ot =2 }fS)-

0 0
AL = 3 S il P ey, A,

Non-Root Tensors — Requires Regularization

EUC(LZ’)W’V’ — y: y: [Cg)]a;aé’ <[f7(f?)]6’6[fr(r7)]’y”y(](8) - Uéji?’v’ [fr(rf)]asaé)

a’ By

o

5 aSACX Z( astm_ — aswﬂ&f)q )]



Propagation Strategies

Adapt propagation strategies from MCTDH to the TTN-HEOM

Projector Splitting 1
« Trotterization algorithm. Errors determined by split time step
« Challenging to parallelize
* Fixed rank
« Used by Ke in JCP 158, 211102 (2023)

Projector Splitting 2
« Similar features to PS1
« Two-site algorithm
« Adaptive rank

Direct Propagation of Master Equation for Core Tensors
 Admits high-order numerical propagation schemes
(e.g. Runge-Kutta) and their parallelization

 Requires regularization like in MCTDH (specially at
early times)

« Fixed rank

AHOM SIHL



TENSO

Implemented in Python with NumPy and PyTorch
Supports HEOM/ML-MCDTH/etc in a unified framework

Supports direct integration, PS1, PS2 and mixed strategies for
propagation

Can handle structured baths for molecular systems
Arbitrary tensor trees and tensor order

Open source and available on GitHub

] ifgroup/pytenso Public

A Python package for Tensor Equations for Non-
Markovian Structured Open quantum system.

Python i‘? 1 Updated 2 weeks ago

https://github.com/ifgroup/pytenso




TTN-HEOM vs HEOM: Drude-Lorentz Bath
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Figure 4.3 Comparison between the HEOM and the TTN-HEOM for a two-level system
{]0), |1)} interacting with a Drude-Lorentz bath. The plots show the population and purity
dynamics for the system Hg = Vo, with V = 1000 cm™! coupled to a Drude-Lorentz bath
with Ao = 200 ecm™! and 79 = 100 cm~!. The system operator Qg is chosen as o, /2 such
that [Hs, Hgg] # 0. The initial system is a pure one as [ig(t = 0)) = (|0) + |1))/2. As to
the HEOM parameters, N = 10 is chosen for each bexciton to guarantee the convergence
in depth, and the direct integration with a rank of 10 is used for TTN-HEOM. . . . .



Example: Two-surface molecule

E 1
Hs = S 0. + Vo, Qs = o ) = E(|O> + (1))
Spectral density for thymine in 300 K water
><1o?;<102 Bath Features K = 20
5 ” 1 from Drude-Lorentz solvent
16 from Brownian Oscillators
5 3 from low temperature corrections
0 50 (Padé)
1 4
Impossible for other HEOM
0 , , | implementations
0 500 1000 1500 2000
w (cm™1)

Gustin, McCamant, Franco PNAS 120, €2309987120 (2023)

Balanced Tree Train Dense HEOM
Rank 40 60 80 40 60 80 —
Size (><106) 0.7 2.2 4.9 0.6 1.3 2.3 4.2 x 1020

Table 4.2 The size (overall number of core tensor elements) of TTN for a bath described
by 20 features and a depth of 20 for each Nj. The memory usage of a dense high-order
EDO tensor in HEOM is also showed for comparison.



Consistency between propagation strategies
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Performance differences
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Mixed strategy (PS2 to Direct) is the fastest

PS2 determines the ranks from initial-time dynamics
Direct propagation is efficient (after very early times)
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Xinxian Chen and IF, J. Chem. Phys. 160, 204116 (2024)
J. Chem. Phys. 163, 104109 (2025)

https://github.com/ifgroup/pytenso

Enables HEOM computations with highly structured
environments

Implements tensor trains and tensor trees
Three propagation strategies (Direct, PS1 and PS2)
Fixed and variable rank
Arbitrary tensor order

Allows for time-dependent driving and non-
commuting fluctuations

Open-source code TENSO




TENSO: Software Package for Numerically Exact Open Quantum Dynamics
Based on Efficient Tree Tensor Network Decomposition of the Hierarchical
Equations of Motion

Juan C. Rodriguez,! Michelle Anderson,’ Luchang Niu,? Xinxian Chen,! and Ignacio Franco!-23:#)
Y Department of Chemistry, University of Rochester, Rochester, New York 14627,

United States

2) Department of Physics and Astronomy, University of Rochester, Rochester, New York 14627,
United States

%) The Institute of Optics, University of Rochester, Rochester, New York 14627,

United States

(Dated: 11 February 2026)

TENSO is a versatile and powerful open-source software package for numerically exact simulations of the
dynamics of quantum systems immersed in structured thermal environments. It is based on a tree tensor
network decomposition of the hierarchical equations of motion (HEOM) that efficiently curbs its curse of
dimensionality with bath complexity. As such, TENSO enables exact non-Markovian open quantum dynamics
simulations even with complex environments typical of chemistry and quantum information science. TENSO
allows for time-dependent drive in the system, and for non-commuting fluctuations. More generally, TENSO
efficiently propagates the dynamics for any method with a generator of the dynamics that can be expressed in
a sum-of-products form, including the HEOM and multi-layer multiconfigurational time-dependent Hartree
methods. TENSO enables simulations using tensor trees and trains of arbitrary order, and implements three
propagation strategies for the coupled master equations; two fixed-rank methods that require a constant
memory footprint during the dynamics and one adaptive rank method with a variable memory footprint
controlled by the target level of computational error. In contrast to the accompanying theory and algorithmic
paper [J. Chem. Phys. 163, 104109 (2025)] the focus here is on the practical usage and applications of TENSO
with underlying theoretical concepts introduced only as needed.
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