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The Hierarchical Equation of Motion (HEOM)

- System agnostic
- Admits driven systems
- Numerically exact for harmonic environments
- Admits non-commuting system-bath interactions
- Goes beyond Lindblad/Redfield Markovian models
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- Memory hungry
- Computational cost scales exponentially with size of

system and complexity of the environment



Harmonic Environments

Subsystem

Bath

Useful model of the environment: Collection of harmonic oscillators
- Any environment can be mapped into an effective harmonic environment 

(to second order in perturbation theory)
- Dominant behavior in the thermodynamic limit
- The reason why the displaced harmonic oscillator model is so successful in 

spectroscopy
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Dynamical Map for Harmonic Environments
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Initially separable state

Exact dynamical map in interaction picture

Correlation Function

Spectral Density
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Spectral Density: characterizes system-bath interaction

Subsystem

Bath

Summarizes frequencies of the bath and interaction strength with 
the system



The HEOM way
Spectral Density

Decomposition the BCF into complex exponentials or features
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1 feature

2 features
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The HEOM way
Decomposition the BCF into complex exponentials or features is exact
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Features from the spectral 
density

Features from low 
temperature corrections



The HEOM way
Decomposition the BCF into complex exponentials or features is exact
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From residue theorem/Padé or Matsubara expansions

Use this decomposition to decompose the dynamical map

Introduce auxiliary density matrix (ADM) to keep bath information
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The HEOM way

Tanimura and Kubo. J. Phys. Soc. Jpn. 58, 101–114 (1989)
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The HEOM challenge: the curse of dimensionality data/logo1-cmyk-eps-converted-to.pdf

• One feature:

ω0 ω1 ω2 · · ·

• Two features:

ω00

ω01

ω10

ω11

ω02

ω20

ω12

ω21

ω22

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

• K-feature: Number of ADMs exponentially grows as L
K .

5

Curse of dimensionality: The hierarchy generate an infinite K-
dimensional grid



Bexcitonic generalization of the HEOM
X. Chen and I. Franco, J. Chem. Phys. 160, 204116 (2024)
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C(t) =
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k=1

ckωk(t)
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Cω(t) =
K∑
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c̄kωk(t)
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d

dt
ωk(t) =

K∑

k→=1

εkk→ωk→(t)
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ωk(0) = 1
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ω̃ωn(t) → T
(

K∏

k=1

f̃ nk
k (t, 0)

Zk(nk)
↑
nk!

)
F̃(t, 0)εS(0)
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f̃k(t, 0) = ckω̃
>
k (t, 0)→ c̄kω̃

<
k (t, 0)
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ω̃k(s, 0) =

∫ s

0
Q̃S(u)εk(s→ u)du

Decomposition of the BCF into K features

Define Auxiliary Density Matrices (ADMs)
<latexit sha1_base64="Ns4wrAG4tC0RGfzciZcnYuvE+Qo="></latexit>

ωn → (n1, . . . , nK)

Zk is a non-zero c-number: metric
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ω̃S(t) = T F̃(t, 0)ωS(0) → T exp
(
↑
∫ t
0 dt2Q̃

→
S (t2)

∫ t2
0 dt1[C(t2 ↑ t1)Q̃S(t1)]→

)
ωS(0)



Bexcitonic generalization of HEOM

Put all the ADMs in a vector
Extended Density Operator 

<latexit sha1_base64="LkgWHxZaIfYoNaLnGTTRdDoJQ4Q="></latexit>

Dk = ωkkn̂k +
∑

k→ →=k

ωkk→ ẑ↑1
k ε̂†

kε̂k→ ẑk→ + (ckQ
>
S → c̄kQ

<
S )ẑ

↑1
k ε̂†

k →Q↓
S ε̂kẑk
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ω̂†
k|nk→ =

↑
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ω̂k|nk→ =
↑
nk|nk ↓ 1→
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n̂k = ω̂†
kω̂k
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ẑk

Varying BCF decomposition, metric, representation leads to various HEOM 
variants

Equations of motion

metric (commutes with nk) 

Bexciton 
raising/lowering 
operators

X. Chen and I. Franco, J. Chem. Phys. 160, 204116 (2024)
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|!(t)→ ↑
∑

ωn

ωωn(t)|εn→
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d

dt
|!(t)→ =

(
↑iH→

S (t) +
K∑

k=1

Dk

)
|!(t)→
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|!(0)→ = ωS(0)|0→ ↑ · · ·↑ |0→



Bexcitonic picture
X. Chen and I. Franco, J. Chem. Phys. 160, 204116 (2024)
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Dk = ωkkn̂k +
∑

k→ →=k

ωkk→ ẑ↑1
k ε̂†

kε̂k→ ẑk→ + (ckQ
>
S → c̄kQ

<
S )ẑ

↑1
k ε̂†

k →Q↓
S ε̂kẑk

Open Quantum Dynamics =  Dynamics of the System + Bexcitons 
              (fictitious bosonic quasiparticles)

Depth of HEOM N = Number of bexcitonic levels
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S (t) +
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Dk

)
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Develop many HEOM variants
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Dk = ωkkn̂k +
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k→ →=k

ωkk→ ẑ↑1
k ε̂†

kε̂k→ ẑk→ + (ckQ
>
S → c̄kQ

<
S )ẑ

↑1
k ε̂†

k →Q↓
S ε̂kẑk

Flexibility:
- Varying BCF decomposition
- Representation: position, momentum, number, etc
- Metric

<latexit sha1_base64="CTtWjAthmkOj6lh350waOlYEfAo="></latexit>

d

dt
|!(t)→ =

(
↑iH→

S (t) +
K∑

k=1

Dk

)
|!(t)→

Connection to variants of HEOM methods

Flexibility of the bexcitonic master equation: ẑk; basis for bexcitons.
Relation to HEOM variants in the literature (ωk(t) = e−γkt):

Q. Shi, et al., J. Chem. Phys. 130, 84105 (2009)
T. Ikeda and A. Nakayama, J. Chem. Phys. 156, 104104 (2022)

Bexcitonics

Standard HEOM

Scaled HEOM

Collective bath coordinate

number basis

ẑk = in̂−1/2
k

ẑk = i
)

|ck|1̂

position basis; ẑk = izk1̂

19Q. Shi, et al., J. Chem. Phys. 130, 84105 (2009)
T. Ikeda and A. Nakayama, J. Chem. Phys. 156, 104104 (2022)



Numerical verification

Numerical verification

ωz =

(
1 0

0 →1

)
ωx =

(
0 1

1 0

)

• Qubit model {|e→, |g→}:
HS = (E/2)ωz + Eωx

• QS = ωz

• Starts from a pure state
|ε→ = (|g→ + |e→)/

↑
2.

• Purity: TrS{ϑ
2
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(t)}
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QS = ωz
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HS =
E

2
ωz + V ωx



The curse of dimensionality in HEOM

Curb the curse of dimensionality in HEOM

In HEOM simulations:

L. P. Lindoy, et al., Nat. Commun. 14, 2733 (2023)

K: typically 1 → 5.

Realistic spectral density:

K: 10s to 100s.

Proposed method: Tree Tensor Network (TTN) for |ω(t)↑.
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O(NK)

Memory needs grow exponentially with number of features

Model spectral density Realistic spectral density



Approaches to curb the curse of dimensionality

More efficient BCF decomposition schemes, e.g. 
Dé, Jaouadi, Mangaud, Chin and Desouter-Lecomte, 
JCP 160, 244102 (2024)

Filter out near-zero ADMs
Q. Shi, L. Chen, G. Nan, R.-X. Xu, and Y. Yan, 

JCP 130, 084105 (2009)



Tree Tensor Network HEOM and TENSO
Chen and Franco J. Chem. Phys. 163, 104109 (2025)

Editor’s Pick!   
Cover Article!

https://github.com/ifgroup/pytenso

- Enables HEOM computations with highly 
structured environments

- Implements tensor trains and tensor trees

- Three propagation strategies (Direct, PS1 and 
PS2)

- Fixed and variable rank propagation strategies

- Allows for time-dependent driving and non-
commuting fluctuations

- Open-source code TENSO



Other HEOM Tensor Network Efforts
Y. Yan, M. Xu, T. Li, and Q. Shi, JCP 154, 194104 (2021)

Y. Ke, R. Borrelli, and M. Thoss, JCP 156, 194102 (2022)

Y. Ke JCP 158, 211102 (2023)

Chen and Franco JCP 163, 104109 (2025)

Tensor Train

Tensor Tree 

Fixed Rank + Propagator based on Trotter Splitting
No need for master equations for core tensors

Our Work

Tensor Trees + Trains

Master equation for core tensors 

Arbitrary Tree Geometry

Arbitrary Order for Tensors

Fixed and Variable Rank

Three Propagation Strategies



Singular Value Decomposition (SVD)

Singular Value Decomposition (SVD)

• Matrix SVD: Aij =
∑R

k=1 UikskV
→
jk with U

†
U = V

†
V = 1̂ (semi-unitary).

• sk: singular values (s1 → s2 → sK → 0).

• Truncated SVD: Only keep the largest R singular values.

Raw (R = 587) R = 5 R = 10 R = 20 R = 50

• Compress redundant information in an array.

25
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Aij =
R∑

k=1

UikskV
→
jk
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U †U = V †V = 1̂

<latexit sha1_base64="l73EW3pRZxF4HPAk8VNcrE/Rtjs="></latexit>

sk : singular values (s1 → s2 → sK → 0)

semi-unitary matrices

Keep the R largest singular values to compress redundant information in an 
array 



From SVD to Tree Tensor Network (TTN)

<latexit sha1_base64="TYpYCj7heVUU1aHCdwaeIdpNLOQ="></latexit>

An1···n6 =
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a1a2a3

Cn1n2a1U
(1)
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U (2)
n3n4a2

U (3)
n5n6a3
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a3n4a2

U (3)
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.

From SVD to TTN

TTN: repeated SVDs of a high-order tensor An1···nK .

• Tensor Train:

An1···n6 =
∑

a1a2a3

Cn1n2a1U
(1)
a2n3a1

U
(2)
a3n4a2

U
(3)
n5n6a3

.

1 2 3n1

n2 n3 n4 n5

n6

• Tensor Tree:

An1···n6 =
∑

a1a2a3

Cn1n2a1U
(1)
a2a3a1

U
(2)
n3n4a2

U
(3)
n5n6a3

. 1

2

3

n3

n4

n5

n6

n1

n2

• Semi-unitary (for non-roots):
∑

ωε U
ϑ
ωεϖUωεϖ→ = ωϖϖ→ .
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ωε

Uϑ
ωεϖUωεϖ→ = ωϖϖ→

TTN: repeated SVDs of a high-order tensor

Tensor Train

Tensor Tree

Root Tensor
Semi-Unitary Tensors



TTN decomposition of the extended density operator

<latexit sha1_base64="8PHrD7fA+Tm6kreSqQbKfG79XjI="></latexit>

!ijn1...nK = (ωωn)ij
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O((M2 +N2)R+KR2N)

Hypothesis: There is significant redundancy in the bexcitonic 
space that can be compressed

Extended Density Operator

Put all ADMs in a high-order 
tensor

TTN decomposition of |ω(t)→

• Hypothesis: |ω(t)→ contains lots of redundant information.

• Put all ADM elements in a high-order tensor:

!ijn1...nK = (εωn)ij , where εωn = ↑n1 · · · nK |ω→

• Formally polynomial space complexity:

O((M2 + N
2)R + KR

2
N)

M : # of system’s states; N : depth; R: rank.

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·
· · ·

(nk)

i

j

28

System indexes 
in the root tensor

Bexciton indexes 
in the leaves

Tree-Tensor Network Decomposition

Polynomial space complexity with K (!)

<latexit sha1_base64="6qaJHU+UV6rWBeZh7EwgSgjtZQQ="></latexit>

|!(t)→ ↑
∑

ωn

ωωn(t)|εn→



Sum of product form for the generator of the dynamics
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Dk =
∑

m

h
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m(t)↑ h

<
m(t)↑ h

(1)
m ↑ · · ·↑ h

(K)
m .
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m h
>
m(t) h

<
m(t) h

(k)
m

1 →iHS(t) 1̂ 1̂
2 1̂ iHS(t) 1̂

5k → 2 1̂ 1̂ ωkkn̂k

5k → 1 ckQS 1̂ ẑk
→1

ε̂
†
k

5k 1̂ →c̄kQS ẑk
→1

ε̂
†
k

5k + 1 →QS 1̂ ε̂kẑk

5k + 2 1̂ QS ε̂kẑk

Parallel to Multi-configurational time-dependent Hartree
H. Wang and M. Thoss, JCP 119, 1289 (2003)



Master Equation for Core Tensors

<latexit sha1_base64="VsHL88sWut/vsocgabVonQX8lUE="></latexit> ∑

ijn1···nK

[ω!(t)]ωijn1···nK

[(
L→ d

dt

)
!(t)

]

ijn1···nK

= 0

<latexit sha1_base64="F38ZJ7WrVaLbKZqC0PolJxO630A="></latexit>

ω

ωt
A(0)

i→j→a→
1
=

∑

m

∑

ija1

[h>
m]i→i[h

<
m]j→j [f

(1)
m ]a→

1a1
A(0)

ija1

<latexit sha1_base64="X9/vhCZNjaOBX4/URclL8fATQ7A="></latexit>

ω

ωt
U (s)
a→→
s ω

→ε→ =
∑

m

∑

a→
sasωε

[C(s)
m ]a→

sa
→→
s

(
[f (ω)

m ]ω→ω [f
(ε)
m ]ε→εU

(s)
a→
sωε

→ U (s)
asω→ε→ [f (s)

m ]asa→
s

)

Master equations for the TTN
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Master equations for the TTN
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Time Dependent Variational Principle

Root Tensor – Simpler Dynamics

Non-Root Tensors – Requires Regularization



Propagation Strategies

Adapt propagation strategies from MCTDH to the TTN-HEOM

Direct Propagation of Master Equation for Core Tensors
• Admits high-order numerical propagation schemes 

(e.g. Runge-Kutta) and their parallelization
• Requires regularization like in MCTDH (specially at 

early times)
• Fixed rank

Projector Splitting 1
• Trotterization algorithm. Errors determined by split time step
• Challenging to parallelize
• Fixed rank
• Used by Ke in JCP 158, 211102 (2023)

Projector Splitting 2
• Similar features to PS1
• Two-site algorithm
• Adaptive rank

THIS W
O

RK



TENSO

• Implemented in Python with NumPy and PyTorch

• Supports HEOM/ML-MCDTH/etc in a unified framework

• Supports direct integration, PS1, PS2 and mixed strategies for 
propagation

• Can handle structured baths for molecular systems

• Arbitrary tensor trees and tensor order

• Open source and available on GitHub

TENSO: a Pythonic implementation of TTN-HEOM

• Implemented in Python with NumPy and PyTorch.

• Supports HEOM/ML-MCTDH/etc. in a unified framework.

• Supports direct integration, PS1, PS2, and mixed strategies for propagation.

• Can handle structured baths for molecular systems.

• Open-source and available on GitHub.

https://github.com/ifgroup/pytenso
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TTN-HEOM vs HEOM: Drude-Lorentz Bath

137

Figure 4.3 Comparison between the HEOM and the TTN-HEOM for a two-level system
{|0→, |1→} interacting with a Drude-Lorentz bath. The plots show the population and purity
dynamics for the system HS = V ωx with V = 1000 cm→1 coupled to a Drude-Lorentz bath
with ε0 = 200 cm→1 and ϑ0 = 100 cm→1. The system operator QS is chosen as ωz/2 such
that [HS, HSB] ↑= 0. The initial system is a pure one as |ϖS(t = 0)→ = (|0→ + |1→)/2. As to
the HEOM parameters, Nk = 10 is chosen for each bexciton to guarantee the convergence
in depth, and the direct integration with a rank of 10 is used for TTN-HEOM.



Example: Two-surface molecule

Numerical Example: Two-level system coupled to a realistic spectral density

• Molecular qubit model {|0→, |1→}:
HS = (E/2)ωz + V ωx

• QS = ωz

• εS(0) = |ϑ→↑ϑ| and |ϑ→ = (|0→ + |1→)/
↓

2.

• Bath features K = 20:
1 from Drude–Lorentz,
16 from Brownian oscillators, and
3 from the low-temperature corrections (Padé).

• Impossible for other implementations of
HEOM.

Spectral density for thymine nucleotide in water

I. Gustin, et al., PNAS 120 e2309987120 (2023)
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QS = ωz
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HS =
E

2
ωz + V ωx

Spectral density for thymine in 300 K water

Gustin, McCamant, Franco PNAS  120, e2309987120 (2023)

Bath Features K = 20
 1 from Drude-Lorentz solvent
 16 from Brownian Oscillators
 3 from low temperature corrections 

(Padé)

Impossible for other HEOM 
implementations
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Balanced Tree Train Dense HEOM

Rank 40 60 80 40 60 80 —
Size (→106) 0.7 2.2 4.9 0.6 1.3 2.3 4.2 → 1020

Table 4.2 The size (overall number of core tensor elements) of TTN for a bath described
by 20 features and a depth of 20 for each Nk. The memory usage of a dense high-order
EDO tensor in HEOM is also showed for comparison.

4.4 Conclusion

In conclusion, we introduced TTN-HEOM, a numerically exact quantum master equa-

tion method based on the bexcitonic hierarchical equations of motion (HEOM) and

a tree tensor network (TTN) decomposition. TTN-HEOM is designed to capture

the dynamics of driven open quantum systems interacting with structured bosonic

thermal environments even those of chemical complexity.

The specific advances of this paper are as follows: (1) We introduced a tensor net-

work decomposition of the HEOM based on the bexcitonic generalization. As such,

the proposed TTN decomposition applies to all HEOM variants that can be cast into

the general bexcitonic form—including the standard HEOM with and without scal-

ing, and the collective bath coordinate method—and admits a representation of the

bexcitons in number, position or momentum basis. (2) We showed that the bexci-

tonic equations of motion can naturally be expressed in sum-of-product form, that the

bexcitonic density operator can be decomposed by a tree tensor network, and that a

useful set of coupled master equations can be developed for the low-order tensors from

Dirac–Frenkel’s TDVP. Our developments are analogous to the ML-MCTDH, as the

three main design principles (sum-of-product dynamical generator, tree tensor net-

work decomposition, and Dirac–Frenkel’s TDVP) are identical. However, while ML-

MCTDH is designed for unitary dynamics, the TTN-HEOM is designed for thermal



Consistency between propagation strategies
Consistency between di!erent propagation strategies
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Performance differences Performance di!erences between di!erent propagation strategies

• Mixed strategy (PS2 → Direct) is the fastest:
Automatic and compact sizes of the TTN determined from the initial dynamics.
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Mixed strategy (PS2 to Direct) is the fastest
 
  PS2 determines the ranks from initial-time dynamics
  Direct propagation is efficient (after very early times)



Trees vs. Trains 144

Figure 4.7 Balanced Tensor Tree vs. Tensor Train TTN-HEOM dynamics for
the system in Fig. 4.4 using the mixed strategy (PS2 → direct) with maximum rank thresh-
old 80. Note that the dynamics is independent of the tree structure.

tree and tensor train. The tensor train scheme as that shown in Fig. 4.1(a) with

K = 20, and the tree scheme that shown in Fig. 4.1(c). Figure 4.7 shows that, as

expected, the open quantum dynamics is independent of the TTN employed.

Figure 4.8 shows the growth of the maximal rank and size (overall number of

core tensor elements) of the TTN with these two TTN structures for the dynamics in

Fig. 4.7. The maximal rank increases during the PS2 propagation until it satisfies the

threshold and changes to the direct method of fixed rank. Overall, the size of the TTN

in the tensor train (Fig. 4.1(a)) grows faster than that in the tree scheme (Fig. 4.1(c)),

PS2 to Direct



3-site Fenna-Matthews-Olson Complex
Fenna–Matthews–Olson complex for photosynthesis

Phys. Rev. Appl. 23, 044061 (2025) 3 hours for TTN-HEOM vs. 4 days for ML-MCTDH.
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Ishizaki et al. PNAS 106, 17255 (2009)



Tree Tensor Network HEOM and TENSO
Xinxian Chen and IF, J. Chem. Phys. 160, 204116 (2024)
         J. Chem. Phys. 163, 104109 (2025)

https://github.com/ifgroup/pytenso

• Enables HEOM computations with highly structured 
environments

• Implements tensor trains and tensor trees

• Three propagation strategies (Direct, PS1 and PS2)

• Fixed and variable rank

• Arbitrary tensor order 

• Allows for time-dependent driving and non-
commuting fluctuations

• Open-source code TENSO



Usage Paper: Available Soon!
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