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Path integral molecular dynamics for indistinguishable particles 

Barak Hirshberg 

School of Chemistry, Tel Aviv University, Tel Aviv 6997801, Israel.  

Email: hirshb@tauex.tau.ac.il  

            
Whether particles are bosons or fermions is a most fundamental property of quantum-

mechanical systems. It is particularly important for accurately describing systems of ultracold 

trapped atoms, electrons in quantum dots, ortho- and parahydrogen and others. Path integral 

molecular dynamics (PIMD) simulations are widely used to study quantum effects in chemistry 

and physics. However, they completely neglect this property assuming the particles are 

distinguishable. 

We present a new method for simulating indistinguishable particles using PIMD. For 

bosons, the main difficulty is enumerating all particle permutations, which scales exponentially 

with system size. We show that the potential and forces can be evaluated using a recurrence relation 

that avoids enumerating all permutations while providing the correct thermal expectation values. 

The resulting algorithm scales cubically with system size allowing the first application of PIMD 

to large bosonic systems [1]. 

For fermions, the infamous sign problem presents an additional formidable challenge 

limiting applications to moderate temperatures and strongly interacting systems. By harnessing the 

power of free-energy methods, we can alleviate the sign problem and study weakly interacting 

systems at low temperatures [2-3]. 

Applications ranging from models of ultracold trapped atoms and electrons in two-

dimensionalquantum dots to simulations of deuterium under high-pressure and low temperature 

will be discussed. We will also present an analysis of the role of exchange effects at different 

temperatures, through the relative probability of different ring-polymer configurations. 
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Quantum entanglement from uncoupled classical trajectories 
 

Johan E. Runeson, Jeremy O. Richardson 

Department of Chemistry and Applied Biosciences, ETH Zürich 

Email: johan.runeson@phys.chem.ethz.ch 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

A long-standing challenge in mixed quantum-classical trajectory simulations is the treatment of 

decoherence and, more generally, entanglement between the classical and the quantal degrees of 

freedom. Mean-field approaches like Ehrenfest neglect entanglement and therefore fail to describe 

effects such as wavepacket branching in a nonadiabatic scattering problem. Known remedies 

include stochastic hops, coupled trajectories or interference between path histories, but a fully 

classical simulation seems, at first sight, to be impossible. However, we have developed a novel 

approach which describes the emergence of entangled states entirely in terms of uncoupled and 

deterministic Ehrenfest-like trajectories. This is derived for a two-level system by mapping the 

quantum system onto a path-integral representation of a spin-1/2 [1], which is an extension of our 

previous linearized spin-mapping approach [2, 3].  

We demonstrate that the method correctly accounts for coherence and decoherence and thus 

reproduces the splitting of a wavepacket in Tully’s seminal scattering problems (see figure) as the 

number of discretization steps, N, increases. In contrast to many alternative methods, the path-

integral approach can properly treat system with multiple crossings. This discovery opens up a 

new class of simulations as an alternative to stochastic surface-hopping or coupled-trajectory 

approaches. 

 

References 
[1] J. E. Runeson and J. O. Richardson, “Quantum entanglement from classical trajectories,” 

submitted, arXiv:2105.02075 (2021). 

[2] J. E. Runeson and J. O. Richardson, “Spin-mapping approach for nonadiabatic molecular 

dynamics,” J. Chem. Phys., 151, 044119 (2019). 

[3] J. E. Runeson and J. O. Richardson, “Generalized spin mapping for quantum-classical dy- 

namics,” J. Chem. Phys., 152, 084110 (2020). 

mailto:johan.runeson@phys.chem.ethz.ch


Virtual International Seminar on Theoretical Advancements 

4 
 

How to connect 
 
Alexey Akimov is inviting you to a scheduled Zoom meeting. 
 
Topic: VISTA, Seminar 20 
Time: Jun 30, 2021 09:30 AM Eastern Time (US and Canada) 
 
Join Zoom Meeting 
https://buffalo.zoom.us/j/92723050908?pwd=eCtsMm5qL01OVzZkY1dzN0J0cnl1dz09 
 
Meeting ID: 927 2305 0908 
Passcode: 819113 
One tap mobile 
+16465588656,,92723050908#,,,,*819113# US (New York) 
+13017158592,,92723050908#,,,,*819113# US (Washington DC) 
 
Dial by your location 
        +1 646 558 8656 US (New York) 
        +1 301 715 8592 US (Washington DC) 
        +1 312 626 6799 US (Chicago) 
        +1 253 215 8782 US (Tacoma) 
        +1 346 248 7799 US (Houston) 
        +1 669 900 9128 US (San Jose) 
Meeting ID: 927 2305 0908 
Passcode: 819113 
Find your local number: https://buffalo.zoom.us/u/aHC16AM28 
 
Join by SIP 
92723050908@zoomcrc.com 
 
Join by H.323 
162.255.37.11 (US West) 
162.255.36.11 (US East) 
115.114.131.7 (India Mumbai) 
115.114.115.7 (India Hyderabad) 
213.19.144.110 (Amsterdam Netherlands) 
213.244.140.110 (Germany) 
103.122.166.55 (Australia Sydney) 
103.122.167.55 (Australia Melbourne) 
149.137.40.110 (Singapore) 
64.211.144.160 (Brazil) 
69.174.57.160 (Canada Toronto) 
65.39.152.160 (Canada Vancouver) 
207.226.132.110 (Japan Tokyo) 
149.137.24.110 (Japan Osaka) 
Meeting ID: 927 2305 0908 
Passcode: 819113 
 


